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Preface

In writing this book, we have aimed it at the needs of both students and practising engineers in the
automotive industry. For engineering students, we hope we have provided a sound explanation of the
principles behind the design of vehicle powertrain systems. For practising engineers, we have tried to
provide a comprehensive introduction to the subject area, which will set the scene for more specialized
texts on, for example, engines, transmissions or hybrid electric components.

The book has arisen from our combined teaching experiences at a range of institutions including the
Iran University of Science and Technology (IUST), Tehran, and the Universities of Leeds, Sunderland
and Cranfield. We have attempted to incorporate two important themes which distinguish our book from
other texts:

1. The inclusion of numerous worked examples and the provision of a MATLAB code for many of the
problems.

2. A systems approach to powertrain design — focusing on the integration and interactions of all the
components, e.g. engine, transmission final drive, wheels and tyres — in analyzing the overall vehicle
performance.

Our experience of teaching engineering students suggests that one of the most useful ways of learning
engineering principles is through actually doing problems oneself. Hence, we have tried to provide awide
range of examples together with worked solutions, often with an accompanying MATLAB code. We
hope that readers will run these short programmes themselves and modify them to examine other
performance issues.

The term ‘systems approach’ is widely used in engineering but is not always clarified in the particular
context. Here, we simply mean that in order to understand vehicle performance, it is necessary to analyze
all the powertrain components together and examine how they interact, and how the designer tries to
integrate them in a coordinated way. Our experience suggests that there are relatively few texts which deal
comprehensively with this critical aspect of integration.

At the time of writing, there is considerable pressure on the automotive industry to minimize energy
consumption and reduce global emissions. This has led to a huge upsurge in interest in alternative
powertrain systems — and the development of a range of electric and hybrid electric vehicles. However,
consumers do not appear to be willing to compromise some of the traditional aspects of vehicle
performance, e.g. acceleration, speed, etc. in the interests of overall energy consumption. Drivability
remains a key commercial issue and there is a demand for vehicles which are “fun-to-drive’. Hence, the
design challenge continues to involve a compromise between vehicle performance and energy usage. We
have tried in this book to provide a comprehensive coverage of both these — often conflicting — aspects of
vehicle behaviour.

Vehicle Powertrain Systems is accompanied by a website (www.wiley.com/go/mashadi) housing a
solution manual with detailed explanations for the solution methods of more than a hundred exercises in



XVi Preface

this book. The solutions of the majority of the problems are carried out in MATLAB environment and the
program listings are also provided. In addition to the worked examples of the book itself, the website offers
invaluable guidance and understanding to students.

Finally, we would like to thank all our colleagues and friends over the years who have contributed in
some way or influenced us in writing this text.
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1
Vehicle Powertrain Concepts

1.1 Powertrain Systems

Over the past 100 years, vehicles have changed our lives; they have provided mobility which we exploit in
all our commercial activities around the globe and they have also provided millions of us with new
opportunities afforded by personal transportation. At the very heart of vehicle design is the powertrain
system; it is the engineering of the powertrain system which provides the driving force behind
the mobility.

The output from the power source to date, dominated by the internal combustion (IC) engine is
controlled by a transmission system and driveline to deliver tractive effort to the wheels. And all these
components, collectively referred to as the powertrain system, are controlled by the driver. Drivers, who
are also viewed as discerning customers by the vehicle manufacturers, have a range of performance
criteria: acceleration, top speed, fuel economy, gradeability, and towing capacity are some of the more
obvious quantitative features. But subjective judgements such as driveability, fun to drive, re nementand
driving pleasure play a huge part in the commercial success of vehicles. On the other hand, society
imposes different performance demands with a huge recent emphasis on emissions and CO, usage of
vehicles. And governments have gone as far as imposing overall emissions control targets on man-
ufacturers  eets of vehicles.

In order to meet all these con icting demands, engineers must master the complete powertrain system.
If there is one underlying theme to this book, it is that in order to understand vehicle mobility, one must
analyze the entire system together driver, engine, transmission, driving cycles, etc. The aim of this
chapter is to provide the background to this theme.

1.1.1 Systems Approach

The key issue at the heart of this textbook is to adopt a systems approach to vehicle powertrain design.
In simple terms, this means collecting all the individual components in the powertrain  or drivetrain as it
is sometimes called and analyzing how they combine and interact. The ultimate aim is, of course, to
predict the overall vehicle behaviour in terms of speed, acceleration, gradeability, fuel economy;, etc.
First, the behaviour of the powertrain components is analyzed and then these components are put
together as a complete system to capture the overall vehicle driveline from the prime mover, traditionally,
an IC engine, through the transmission clutch, gears, differential, etc. to the nal drive at the wheels.
The important theme is that it is only by taking a system-level view of the powertrain that the vehicle
designer can achieve the desired goals of vehicle performance. In a systems approach to any problem, it is
important at the outsetto de ne the system boundaries. So, for example, if we wish to study the overall use

Vehicle Powertrain Systems, First Edition. Behrooz Mashadi and David Crolla.
2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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Figure 1.1 Overall energy conversion process in vehicle transportation the Well-to-Wheels idea

of energy in passenger car transportation, the system would look like that shown in Figure 1.1 in which
the energy is tracked from its original source through to its nal usage in propelling a vehicle. This
overview is important in the context of powertrain system design, and is now commonly referred to as the
Well-to-Wheels analysis of energy consumption.

1.1.2 History

There are lots of fascinating books describing the historical development of the automobile. It is not our
intention in this book to dwell upon the history of automotive engineering; however, there are some
interesting observations which set the scene for our analysis of powertrain systems.

In 1997, the SAE published an informative book [1] on the history of the automobile to celebrate its
centenary. Each chapter was written by an invited US expert and all the powertrain components
powerplant (engine), transmissions, tyres, etc.  were covered. From the viewpoint of engineering
innovation, it is very clear that there was plethora of innovative designs published in the late 1800s to
early 1900s but their practical exploitation was only realized decades later when material properties and
mass manufacturing techniques had improved. For example, there were plenty of designs for what we
consider fairly complex engineering components automatic transmissions and continuously variable
transmissions patented in this period, but they had to wait several decades before they could be exploited
commercially. The historical development of manufacturing, mass production and the economic context
of automobile engineering is given in an excellent textbook by Eckerman [2].

In relation to powertrain systems, the two major components the I1C engine and the transmission have
been reviewed from a historical perspective. The title of Daniels book Driving Force [3] summarizes the
role of the IC engine as the dominant power source for vehicles during the twentieth century. He presents
a comprehensive overview of the detailed engineering development of engine design from its crude
beginnings in 1876 as the stationary Otto engine to its current state of the art, characterized as much by
sophisticated control systems as by mechanical design.

Some engineers would argue that developments in transmission design were equally important over the
twentieth century. Taking the systems viewpoint, one would have to agree with this argument  since the
IC engine power is only available over a limited speed range, and hence the transmission is crucial in
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Figure 1.2 Overview of vehicle powertrain system and related book chapters

transforming it into usable power at the wheels. Gott [4] traces the history of engineering developments in
transmissions  albeit with a bias towards the US preference for automatic transmissions. This review
does, however, reinforce the systems approach since the control of the transmission must be totally
integrated with the engine management control.

This holistic approach, in which all the interacting parts of the powertrain are considered together, leads
to the idea of system optimization. For example, while it is clearly important to optimize the design of
individual components, such as the engine and transmission, the overall aim must be that they are matched
together as an integrated system.

1.1.3 Conventional Powertrains

This book concentrates mainly on what are commonly referred to as conventional powertrains in which
an IC engine drives the vehicle wheels through a transmission, incorporating a gearbox and - nal drive unit.
A typical structure for a front-engined, rear wheel drive (RWD) car is shown in Figure 1.2, with a notation
of how the chapters in this book are mapped on to the powertrain system. The most common layout for
small passenger cars is front-engined, front wheel drive (FWD) but the principles associated with
powertrain analysis are exactly the same.

The world s total population of cars and light trucks was estimated in 2009 at around 900 million,
with a production of new cars and light trucks of about 61 million in the same year. The vast majority of
these  more than 99%  employ conventional powertrains as described above. Hence, despite
the enormous interest from 2000 onwards in alternative powertrains, described under the general heading
of Low Carbon Vehicles (LCVs), it is clear that the principles of analysing and understanding
conventional powertrain systems as described in this textbook will certainly be of interest for several
more decades.

1.1.4 Hybrid Powertrains

During the late 1800s and early 1900s when engineers became fascinated with the opportunities for
personal transportation provided by the motor car, there were three competing technologies for the
powerplant steam, electric and petrol. Each of these had their own merits and disadvantages, and it was
not at all clear at the time which was likely to dominate in the longer term. In fact, a 1900 census in the
eastern US states [5] showed that each of these technologies shared about a third each of the emerging
market however, horse-drawn carriages still dominated in terms of total vehicles!
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Steam had a longer history of development and there was no problem installing suf cient power to give
good performance. But fuel economy was poor, the boiler needed ring up prior to a journey and both
water storage and usage were problems. Electric vehicles looked extremely promising they were quiet,
clean and remarkably easy to operate. Range was the major problem limited by the available energy
storage in the battery a problem which remains to this day! Gasoline cars in that period were less well
developed and appeared extremely troublesome they were dif cult to start and when running they were
noisy, dirty and pretty unreliable. But their fundamental advantage which of course is obviousnow was
the energy density of gasoline which was about 300 times better than a lead-acid battery. This meant it was
worthwhile investing in the engineering re nement of the gasoline-based powertrain and this approach
of relentless development and re nement has continued to the present day.

Given these discussions at the time about the best way forward for the automobile powerplant, it is not
surprising that several forward-thinking engineers have suggested combining two powerplants in order to
extract the bene ts of each and hence, the notion of a hybrid vehicle was born around the turn of the
nineteenth century. They were not called hybrid at the time, but it is nevertheless remarkable that, for
example, the 1902 Woods gas-electric car [5] did realize the potential of what we now know as a series-
electric hybrid layout. The vehicle was driven by a motor which doubled as a generator, it could run on
battery power alone at low speeds, the downsized gasoline engine could be used to charge the battery, and
it featured regenerative braking.

Although there are a substantial number of different powertrain architectures for hybrid vehicles, at the
time of writing this book in 2011, three are of particular interest, all linked to commercially available
vehicle models. These three types are summarized in Figure 1.3 and are:

External ==

recharging source

fp Battery pack |9
=

(a) Plug-in electric vehicle

Electrical power flow

Generator

Generator

External B
recharging source T

Battery -
i — — — —_—
r pack Electrical power ﬂow/
Motor/
E Generator

(b) Electric vehicle with range extender and plug-in facility

Be
o Engine Power split
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Figure 1.3 Three types of typical hybrid/electric vehicle architectures available in 2011
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() plug-in electric vehicle (EV), e.g. Nissan Leaf;
(b) EV with range extender, e.g. Chevrolet \olt;
(c) hybrid electric vehicle (HEV), e.g. Toyota Prius

Chapter 7 in this book introduces the highly topical subject of hybrid vehicle powertrains. It is not
intended to provide a comprehensive treatment of the rapidly changing subject of hybrid vehicle
technology many excellent texts have already been written on this topic and they are referenced at
the end of Chapter 7. Rather, the chapter is intended to show how the same principles of powertrain
systems analysis, which are the core of this textbook, can be applied to different technologies. The aim is
to show how the systems approach to the analysis of so-called conventional powertrain components can
readily be applied to powertrains built up of different components such as batteries, motor-generators, fuel
cells, super-capacitors, etc.

1.2 Powertrain Components

The components in the powertrain are described in detail in each of the following chapters in the book
and references for further reading of the best books are also provided. Needless to say, all these
components are subject to relentless efforts to improve their performance ef ciency, emissions control,
re nement as well as their overall cost effectiveness. The most recent trends in powertrain component
engineering are summarized below.

1.2.1 Engine

. Strati ed charge combustion

- Lean burn combustion

- HCCI (homogeneous charge compression ignition) combustion

- Variable valve timing

- Supercharging or twin-charging (when coupled with a downsized engine)
- Turbocharged direct injection diesel engines

- Gasoline direct injection petrol engines

- Common rail diesel engines

- Variable geometry turbocharging.

1.2.2 Transmission

- Lower-friction lubricants (engine oil, transmission uid, axle uid)

- Locking torque converters in automatic transmissions to reduce slip and power losses in the converter
- Continuously variable transmission (CVT)

- Automated manual gearbox

- Dual clutch gearbox

- Increase in the number of gearbox ratios in manual or automatic gearboxes.

1.2.3 Vehicle Structure

- Reducing vehicle weight by using materials such as aluminium, breglass, plastic, high-strength steel
and carbon bre instead of mild steel and iron.

- Using lighter materials for moving parts such as pistons, crankshaft, gears and alloy wheels.

- Replacing tyres with low rolling resistance models.
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1.2.4 Systems Operation

- Automatically shutting off engine when vehicle is stopped.

- Recapturing wasted energy while braking (regenerative braking).

- Augmenting a downsized engine with an electric drive system and battery (mild hybrid vehicles).

- Improved control of water-based cooling systems so that engines reach their ef cient operating
temperature sooner.

1.3 Vehicle Performance

Ever since the rst usable road vehicles appeared on the roads built by, for example, Daimler,
Benz, Peugeot and Panhard & Levassor in the 1890s and 1900s  people have quoted performance gures
as a means of comparing vehicles. Inthe rst instance, these were usually top speed and range; then came
other performance measures as more powerful engines were installed acceleration, gradeability and
towing performance. Performance could be predicted based on very simple models using Newton s
Second Law of Motion. For example, in Kerr Thomas 1932 book [6], a chapter on the Mechanics of a
Moving Vehicle shows how to calculate speeds and accelerations based on knowledge of the engine
torque and speed characteristics, gearbox ratios and estimates of the rolling resistance and aerodynamic
drag terms.

According to a review paper in 1936 by the pioneering automobile engineer, Olley [7], the typical
American car of that period weighed around 2 tons (2000kg) and had an engine power of around
100 horsepower (75 kW), resulting in a typical acceleration of about 10 ft/s> ( 3 m/s?), a gradeability of
about 11% and a top speed around 85 m.p.h. (38 m/s 140 km/h). The accuracy of these performance
predictions gradually improved from the 1930s onwards as measurement techniques for engine perfor-
mance [8], tyre rolling resistance characteristics [9] and aerodynamic drag effects [10] improved. An
example to illustrate approximately where all the energy is used in vehicle longitudinal performance is
shown in Figure 1.4 for typical urban and highway conditions.

In the 1970s, there was a massive shift in interest in vehicle performance to focus on fuel economy
calculations. In the USA, this was prompted by the Corporate Average Fuel Economy (CAFE) regulations

rst enacted by Congress in 1975; these were federal regulations intended to improve the average fuel
economy of cars and light trucks sold in the USA in the wake of the 1973 oil crisis. Basically, it was the
sales-weighted average fuel economy of a manufacturer s range of passenger cars or light trucks,
manufactured for sale in the United States. This signalled the start of a huge amount of interest around the
world in both fuel economy and the linked topic of emissions and governments became very active in
legislating for the measurement and control of both these aspects of vehicle performance.

In recent decades, the highly competitive commercial environment for selling cars has meant that
consumers require data and performance gures to compare different manufacturers models. Longitu-
dinal performance maximum speeds, acceleration, hill climbing, towing abilities, etc. are straight-
forward to measure and fairly non-controversial. In contrast, however, comparative data on fuel economy,
and hence emissions have proved extremely controversial.

The established method of quantifying avehicle s fuel economy is to subject the vehicle, mounted onan
instrumented dynamometer, to a standard drive cycle. The drive cycle simply consists of a set of data
points which specify a speed vs distance travelled pro le. Different drive cycles have been developed to
simulate different types of vehicle operation, for example, extra-urban, urban, highway, and combined
urban-highway.

Although this approach is internationally accepted, substantial detailed differences have emerged in
different countries and different regions of the world. Thus, global comparisons of the fuel economy of
vehicles are fraught with dif culties! Broadly speaking, the current range of standard drive cycles has
emerged from the world s big three automotive markets Europe, the USA and Asia and the differences
tosomeextentre ectdifferentdriving patterns in those regions. An excellent overview of the comparative
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Figure 1.4 Example of typical energy ows during urban (a) and highway (b) driving

driving cyclesisreported in [11]. The situation is further complicated by the fact that different countries or
regions have developed different targets for fuel economy and emissions which of course, makes life
dif cult for global manufacturers in meeting different standards for different markets.

Because of these regional differences, drive cycle testing has been a source of considerable controversy
in the industry. But it has also proved extremely controversial from the consumer s point of view, because
in real-world driving it has proved virtually impossible to achieve the ideal gures obtained under the
standard test conditions. To the engineering community, this is an expected outcome the tests and
measurements are carried out in laboratory conditions over a repeatable drive cycle which can only be

typical of millions of real driving conditions. The key advantage is, of course, that vehicles are at least

compared under fair and repeatable conditions. Nevertheless, consumer organizations and popular car
publications continue to argue that the quoted gures which now usually have to be displayed in the
vehicle windscreen while on sale  should reasonably be achievable in practice.

In the European Union, the fuel economy of passenger vehicles is commonly tested using two drive
cycles, referredtoas urban and extra-urban . The urban test cycle (ECE-15) was introduced in 1999 and
simulates a 4 km journey at an average speed of 18.7 km/h and a maximum speed of 50 km/h. The extra-
urban cycle (EUDC) simulates a mixture of urban and highway running; it lasts 400 seconds with an
average speed of 62.6km/h and a top speed of 120km/h. In the USA, the testing procedures are
administered by the Environmental Protection Agency (EPA) and were updated in 2008 to include ve
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separate tests which are then weighted together to give an EPA City and Highway gure that must be
quoted in car sales information. It is claimed with some justi cation that these gures are a better
re ection of real-world fuel economy performance than the EU gures.

Just to add to the confusion, fuel economy continues to be quoted in different units around the world.
For example, both the USA and the UK use miles per gallon (mpg) although even these are not
comparable since the US gallon is 0.83 of an imperial gallon! In Europe and Asia, fuel consumption is
quoted in units of 1/100km. Note that both lower (l) and upper case (L) can be used for litres. This is
effectively an inverse of the mpg approach and a large mpg is comparable to a small 1/100km  so, for
example, 30 mpg ... 9.4 1/100km and 50 mpg ... 5.6 1/100km.

However, most vehicle analysts agree that overall, the drive cycles are all less aggressive than typical
real-world driving; in practice, this means that they include lower values of acceleration and deceleration
than typically used in normal driving situations. With the upsurge of interest in hybrid powertrains over the

rst two decades of 2000, there has inevitably been an enormous focus on promoting their potential fuel
economy relative to conventional powertrains. This has generated an on-going debate about whether the
drive cycles tend to favour HEV powertrains over conventional ICE-based powertrains. The underlying
principle is that HEVs offer the biggest scope for improvement under stop-start driving conditions in
heavy city traf c, for example; hence, it is argued that since most drive cycles have their bias towards
urban operation and inclusion of idle periods, they can distort the potential bene ts available from hybrid
powertrains  but again, there are a wide range of views!

In relation to emissions, there are two aspects; both of them are commonly referred to as tailpipe
emissions for the rather obvious reason that they emerge from the exhaust pipe as products of the
combustion process. The rst issue is the pollutant emissions these include carbon monoxide (CO),
unburnt hydrocarbons (HC) and oxides of nitrogen (NOXx). In Europe, engine emission standards were
introduced in the early 1990s to reduce all these pollutants from vehicles. It led to signi cant
improvements in harmful emissions from passenger cars. Euro 5 is due to come into effect for passenger
cars in 2011 and a further tightening of the regulations, Euro 6, is planned after that for both commercial
vehicles and cars.

The second issue is the carbon dioxide (CO,) emission levels of vehicles. These have assumed
increasing attention during the early part of the twenty- rst century due to global concerns about the
environment and they form part of the carbon footprint calculations which have now become embedded
in all aspects of life. In the UK from 2001, the vehicle tax was linked to the CO, emissions of new vehicle,
so that vehicle emitting less than 100g/km were actually free of road tax. And in 2008, an ambitious piece
of legislation was passed which committed European car manufacturers to cut average CO, emissions
from new cars to 130g/km by 2015.

1.4 Driver Behaviour

Although the focus of this textbook is entirely on the vehicle and the engineering of its powertrain system,
it is important to recognize that whenever a vehicle is used on the road, the complete system actually
involves both the vehicle and its driver. The complete system is shown in Figure 1.5, in which the driver
effectively acts as a feedback controller monitoring the performance of the vehicle and feeding back this
information to compare with his demand signals to the accelerator, brake, gear selection, etc. Thus, froma
dynamics point of view, we are in practice dealing with a control system. In designing the vehicle
engineering system, therefore, we must be aware of the driver preferences as a controller.
In subjective terms, drivers tend to prefer systems which are:

- responsive
- controllable
- repeatable
- stable
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Figure 1.5 Overview of the driver vehicle system governing vehicle longitudinal performance

- involving minimum time lags
- linear
- free from jerks or sudden changes.

The study of drivers assessments of the longitudinal control of the vehicle is called driveability and it
isemerging as a crucial feature of vehicle re nement to assess the customer acceptance of new powertrain
components. For example, it has been used in the industry from 2000 onwards to assess the smoothness of
gear changes in new transmissions developments such as dual clutch gearboxes and continuously variable
transmissions (CVTSs). Indeed, procedures for the assessment of the highly subjective perception of the
driver have been incorporated into specialized vehicle software packages such as AVL-DRIVE [12].
The idea is to generate an objective measure which is based on subjective judgements made by drivers
using a range of vocabulary such as jerk, tip-in, tip-out, kick, response delay, oscillations, ripple,
backlash, etc. some of which have more obvious interpretations than others.

There are occasions in vehicle performance calculations and simulations in which it is necessary to
include a mathematical model of the driver in the complete system, as shown in Figure 1.5. In the so-called

forward-facing simulation, discussed in the next section, it is necessary to have a driver model which
attempts to follow the speci ed driving cycle by applying appropriate signals to the accelerator and brake
inputs. The approach used in this case is often a simple PID (Proportional Integral Derivative) model. This
is good for tracking the speed pro le, butis not necessarily representative of actual driver behaviour which
is likely, for example, to include some element of look-ahead preview.

1.5 The Role of Modelling

The whole ethos of this book is based on a modelling approach to analyzing and understanding
powertrain system design. The underlying aim is to explain how components function and then represent
their behaviour through mathematical models based on the physics of their operation. Then, the
components can be combined together as a complete powertrain system and the resulting model should
provide an important tool to contribute to vehicle design. Thus, although an analytical approach is used in
order to understand the fundamental behaviour, the results are always aimed at being of practical value to
vehicle engineers.

The models used throughout the text are relatively simple and examples are provided in which
the models are expressed and solved in the MATLAB /SIMULINK environment. Thus, it should be
easy to follow the complete process from the derivation of the governing equations, through to their
coding in MATLAB/SIMULINK to their solution and presentation of results. Since the book is based
on fundamental issues, it is felt to be important that the reader ~whether a student or a practising
engineer can follow this whole procedure and try it out for themselves.
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In calculations of vehicle performance over a speci ed driving cycle, there are two fundamentally
different approaches which are often not well understood by newcomers to the subject area. The most
common simulation is called a backwards-facing calculation. This means that at each point on the speed
vsdistance pro le, the current values of both the vehicle speed and acceleration are known and using these
itis possible to work backwards through the powertrain to calculate the speeds, accelerations, torques and
powers of all the components. This process is simply repeated for all the points on the driving cycle and the
results summed together at the end. This is the simplest and most commonly used method of predicting
vehicle performance over a drive cycle.

The otherapproachiscalleda forward-facing simulation; this requires adriver model inaddition to the
vehicle model. The drive cycle is a target trajectory which the driver tries to track via inputs to the vehicle
system. The simulation is performed then as a conventional time history simulation, involving integration
of the dynamic equations. This approach is required when developing control systems for the powertrain
elements in order to simulate how the controller would actually behave in real time in the vehicle.

For more detailed analyses of powertrain components and systems, several commercial packages
are available. These are used extensively in vehicle design of ces around the world, and while they
undoubtedly offer increased delity in their representation of the engineering systems involved, they are
less informative of the underlying mechanics. Examples of such packages include;

- ADVISOR (ADvanced Vehlcle SimulatOR) was created by the U.S. Department of Energy s National
Renewable Energy Laboratory s (NREL) Center for Transportation Technologies and Systems in 1994.
Itwasa exible modelling tool that rapidly assesses the performance and fuel economy of conventional,
electric, hybrid, and fuel cell vehicles. It was acquired by AVL in 2003 [12].

- AVLCRUISE Vehicle and driveline system analysis for conventional and future vehicle concepts [12].

- AVL-DRIVE Assessment of driveability [12].

- CarSim — Vehicle performance in response to braking, steering and accelerating inputs [13].

- IPG CarMaker Vehicle performance in response to braking, steering and accelerating inputs [14].

- Dymola A multibody systems dynamics packages with automotive as well as other industrial
applications [15].

- WAVE 1D engine and gas dynamics simulation; also includes a drivetrain model to allow full vehicle
simulation [16].

- SimDriveline Blocks to characterize driveline components to include in a Simulink environment [17].

- Easy5 Multi-domain modelling and simulation of dynamic physical systems [18].

1.6 Aim of the Book

The overall aim of this book is to provide a comprehensive and integrated overview of the analysis and
design of vehicle powertrain systems. This has the following objectives:

- to present a summary of the systems approach to vehicle powertrain design;

- to provide information on the analysis and design of powertrain components, in particular:
T internal combustion engine
T transmissions
T driveline components

- to analyze the longitudinal dynamics of the vehicle in order to predict performance;

- to analyze and discuss the fuel economy performance of vehicles;

- to analyze the torsional dynamics behaviour of the driveline system;

- to describe the fundamentals of hybrid electric components and the architecture of their usage in a
hybrid vehicle powertrain;

- to present examples some with worked solutions throughout the text;

- to present case studies of powertrain performance using MATLAB as an analysis tool.
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Further Reading

The books listed as references [1 5] all provide excellent background information on the history of
automotive engineering, IC engine, transmissions and hybrid vehicle developments. They are all worth
reading to set the scene for powertrain systems analysis.
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2

Power Generation Characteristics
of Internal Combustion Engines

2.1 Introduction

The engine plays a dominant role in overall vehicle performance and it is essential to learn about its
behaviour prior to performing vehicle studies. The internal combustion engine is a complicated system
and itsthorough analysis requires a multi-disciplinary knowledge of physics, chemistry, thermodynamics,
fluid dynamics, mechanics, electrics, electronics and control. Electronics and control are becoming crucial
parts of all modern engines and engine control units (ECUs) manage the engine operating parameters to try
to achieve a good compromise between drivability, fuel consumption and emissions control.

Traditionally, in the literature on internal combustion engine design, the material discussed included:
working fluids, thermodynamics, gas dynamics, combustion processes and chamber design, heat transfer,
engine efficiency, friction, emissions and pollution. Also, the dynamics of engine moving parts and loads
acting on the engine bearings and components are traditionally discussed in books on mechanism design
or the dynamics of machinery. On the other hand, in areas related to the vehicle powertrain designs, the
engine properties are needed as inputs to the system. Such vital information suitable for powertrain
analysis cannot be found in the aforementioned books. Students have always seemed to have difficulties
relating the engine design materials to powertrain design requirements. Moreover, it has been found that
the engine performance characteristics described by full throttle engine maps usually given in the engine
design books are misleading and confuse students, due to the fact that they try to explain the vehicle
motion without sufficient information.

In this chapter, a review of internal combustion engine behaviour over a full range of operations is
provided. This includes torque generation principles and characteristics as well as engine modelling for
both petrol and diesel engines. This chapter is not intended to explain those materials generally covered by
books written on the topics of internal combustion engines; instead, the torque generation principles of
engines that are required in powertrain analysis will be the focus of this chapter.

2.2 Engine Power Generation Principles

In vehicle powertrain studies, the power generation properties of engines are of vital importance as the
torque produced by the engine drives the vehicle in different and diverse driving situations. Internal
combustion engines convert chemical energy contained in the fuel into mechanical power that is usually
made available at a rotating output shaft. The fuel includes chemical energy that is converted to thermal
energy by means of combustion or oxidation with air inside the engine. The pressure of the gases within

Vehicle Powertrain Systems, First Edition. Behrooz Mashadi and David Crolla.
2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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the engine builds up because of the combustion process that is generating heat. The high pressure gas then
expands and pushes the surfaces inside the engine. This expansion force moves the mechanical linkages of
the engine and eventually rotates a crankshaft. The output shaft of an internal combustion engine is usually
coupled to a gear box, as in the case of transport vehicles.

Most internal combustion engines are of the reciprocating type, having pistons that move back and forth
inside cylinders fixed to the engine blocks. Reciprocating engines range from single cylinder engines up to
several cylinders arranged in many different geometric configurations. Internal combustion engines can
be classified in different ways but the classifying method according to ignition type is most common. Two
major ignition types are spark-ignition (SI) and compression-ignition (CI) types. Details of the
combustion processes in Sl and Cl engines depend entirely on the characteristics of the fuel used in
each type. Since the combustion process is quite different between Sl and CI engines, the types and
quantities of the various exhaust emission materials that are formed vary as a result.

2.2.1 Engine Operating Modes

The slider-crank mechanism is a basic linkage to convert the reciprocating motion of the piston into the
rotating motion of a crankshaft in reciprocating engines. The piston acts as the slider and moves inside the
cylinder and with the provision of the valves and manifolds, an engine with the ability to compress and
expand gases results. Figure 2.1 shows the schematic of a typical slider-crank mechanism used in a single
cylinder engine. At zero crank angle y, the piston is at the position known as top dead centre (TDC),
because the piston speed reaches zero at this point. Rotation of the crank arm through 180 displaces
the piston from TDC to the other bottom extreme, again with zero piston speed, called bottom dead centre
(BDC). The total distance that the piston travels during this 180 rotation of the crank is called one stroke
that is twice the radius of the crank. Returning from BDC to TDC will take another 180 rotation of
the crank and the piston behaviour is reverse of that between zero and 180 .

Reciprocating engines, both spark ignition and compression ignition, need four basic phases, namely
intake (or induction), compression, combustion (or power) and exhaust to complete a combustion cycle.

2.2.1.1 Four-Stroke Engines

Some engines are designed to have four distinctive strokes for the piston in a complete working cycle and
are called four stroke engines. In a four-stroke engine, the piston has to go through four strokes in order to

Piston
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Cylinder
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(BDC)
Bottom dead centre

Piston pin |\~ Connecting rod

Crank pin

“~~Crank
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~

Figure 2.1 Schematic of engine slider-crank mechanism
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Figure 2.2 A classic four-stroke engine components

complete the cyclic thermodynamic processes. The crankshaft must perform two full turns in order that
the piston completes four strokes. Figure 2.2 illustrates the basic parts of a four-stroke engine including the
cylinder, the piston, the cylinder head, ports and valves.

Starting from TDC at the beginning of intake stroke, the inlet valve opens and the outlet valve closes.
With the piston motion towards the BDC, fresh air (or mixture) flows into the cylinder. At BDC, the first
stroke is complete and the inlet valve closes and the piston moves towards the TDC, compressing the gases
inside the cylinder. At the TDC, the compression stroke ends and while both valves are closed, the power
stroke starts with combustion and the resulting gases expand, pushing the piston down to the BDC at which
the fourth and last stroke starts by opening the outlet valve to let the pressurized combustion products leave
the cylinder. The motion of the piston to TDC helps the exhaust process by pushing the gases out. Table 2.1
summarizes these four strokes.

Note that the valve opening/closing crank angles given in Table 2.1 are only theoretical values and will
be different in practice. For example, when the next intake process starts, it is better to leave the outlet
valve open for a while in order that the burned gases leaving the combustion chamber continue their flow
due to their momentum (also the fresh air can push them out). This will provide more room for fresh air and
increase the combustion efficiency. Similarly when the piston is starting to move towards the TDC at the
beginning of compression stroke, it is better to leave the inlet valve open for a while, so that the incoming
air continues to flow into the cylinder due to its momentum.

2.2.1.2 Two-Stroke Engines

Atwo-stroke engine performs the four basic phases of a combustion cycle only in two piston strokes. In the
two-stroke engine, the inlet and exhaust valves are eliminated and the ports for the entrance and exit of
the gases are built on the cylinder walls and crankcase instead. The piston covers and uncovers the ports
when it moves back and forth inside the cylinder (see Figure 2.3).

Table 2.1  The four strokes of a reciprocating engine

Order Name of stroke Piston position Inlet valve Exhaust Crank angle
valve (degrees)

Start of cycle End of cycle

1 Intake (induction) TDC BDC Open Close 0-180
2 Compression BDC TDC Close Close 180-360
3 Combustion (power) TDC BDC Close Close 360-540
4 Exhaust BDC TDC Close Open 540-720
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Figure 2.3 Schematic of a classic two-stroke engine

Let us start the cycle with the combustion stroke. The mixture in the combustion chamber is ignited in
the same way as in the four-stroke engine at the top of the stroke. The piston moves downwards and
uncovers the outlet port, allowing the pressurized burned gases to flow out of the cylinder. The downward
movement of the piston at the same time compresses the gases in the crankcase. Further down, the piston
uncovers the transfer port and the compressed gases in the crankcase flow through the channel into the
combustion chamber and push the combustion products out through the outlet port. So, in a single stroke
of the piston both combustion and exhaust cycles are accomplished. The upward movement of the piston
compresses the gases in the combustion chamber and simultaneously depressurizes the crankcase to allow
the pressure of the atmosphere to fill the crankcase with fresh air. Further up, the compression stroke will
end and a new cycle will start by the combustion process. Again in a single upward piston stroke, both
induction and compression cycles are accomplished.

Itappears that two-stroke engines are more advantageous since they perform the power cycle faster than
four-stroke engines and do not need the valves and valve trains either. But, in practice, two-stroke engines
are not as efficient as four-stroke cycle engines, especially at high speeds. Two-stroke engines are
generally used in small Sl engines for motorcycles and in large Cl engines for locomotives and marine
applications that work in lower speeds. At large Cl engine sizes, the two-stroke cycle is competitive with
the four-stroke cycle, because in the CI cycle, only air is lost in the cylinder (see Section 2.2.2).

In the rest of this chapter it will be assumed that the engine works only on the four-stroke basis.

2.2.2 Engine Combustion Review

It is common to refer to engines as either petrol (gasoline in the USA) or diesel, according to the nature
of the ignition and combustion, however, the terms “spark ignition’ (SI) and ‘compression ignition’ (CI)
are also used. In Sl engines the air and fuel are usually premixed before the initiation of combustion
by sparking. In CI engines the fuel burns as it is injected into hot compressed air and produces a
combustible mixture.

In order to have ideal combustion, the amount of fuel must be related exactly to the amount of intake air.
In fact, according to the burning chemistry, for a specific amount of air molecules, there must be specific
number of fuel molecules for perfect burning of the fuel. This fuel/air ratio is called the stoichiometric
ratio and the objective in engine combustion is to produce fuel/air ratios as close to the stoichiometric as
possible. More details will be discussed in the following sections.



Power Generation Characteristics of Internal Combustion Engines 17

2.2.2.1 Sl Engine Combustion

In Sl engines, the fuel is mixed with the air in the intake system prior to entry to the cylinder. In the past,
carburettors were used for the homogenized mixing of the air and fuel. The basis of a carburettor operation
was a pressure drop when air passed through a venturi and an appropriate amount of fuel (at higher
pressure) surged into the air flow at the venturi throat from the float chamber. The throttle opening
controlled the air flow inside the venturi and as a result the amount of fuel entering the engine was adjusted
accordingly. This type of fuel metering was very sensitive to atmospheric changes and could not maintain
accurate fuel to air ratios and resulted in poor engine performance and high levels of pollution.

In newer generations of engines, fuel injection systems that replace the carburettors inject the fuel in
more accurate amounts. Injection systems are electronically controlled systems —the air flow rate must be
measured and the desired amount of fuel per cylinder that is required for a proper combustion must be
calculated and injected accordingly.

Currently there are two different fuel injection systems, namely, throttle body injection (TBI) and multi-
port injection (MPI). TBI systems are something like a carburettor which contains one or more injectors.
When fuel is injected, it will be mixed with the air and the mixture will move in the inlet manifold exactly
like in the case of carburettor. In MPI systems, instead of having a throttle body for all cylinders, air is
moved directly to the inlet port of each cylinder without mixing. The fuel is injected just at the entrance to
each cylinder and is mixed with the air. In MPI systems, therefore, the number of injectors is equal to
the number of cylinders. MPI systems are more efficient than TBI systems; first, because the fuel is more
precisely metered for each cylinder in MPI systems and, second, the fuel is completely moved into
the cylinder, whereas in TBI some part of the fuel in contact with the surface of intake manifold will stick
and remain.

The newer generation of injection systems for Sl engines includes the gasoline direct injection (GDI)
systems that use the injection concept in Cl engines (see Section 2.2.2.2) in which the fuel is injected into
the combustion chamber inside the cylinder. These systems allow the achievement of both the fuel
efficiency of a diesel engine and the high output of a conventional petrol engine.

Regardless of the injection type, the Sl engine cycle can be described as follows. During the intake
process the inlet valve is open and the air and fuel mixture is inducted in the cylinder. After the inlet valve
closes, the cylinder contents are compressed by the piston movement upwards. Before the piston gets to
the TDC, a high voltage electric discharge across the spark plug starts the combustion process. Burning the
fuel during the combustion process increases the temperature in the cylinder to a very high peak value.
This, in turn, raises the pressure in the cylinder to a very high peak value. This pressure forces the piston
down and a torque about the crank axis is developed. The expansion stroke causes the pressure and the
temperature to drop in the cylinder. For a given mass of fuel and air inside the cylinder, an optimum spark
timing produces the maximum torque.

Before the end of the expansion stroke, the exhaust valve starts to open and the burned gases find a
way through the valve into the exhaust port and into the manifold. Pressure in the cylinder is still high
relative to the exhaust manifold and this pressure differential causes much of the hot products to be blown
out of the cylinder before the piston starts its upward motion. The piston motion during the exhaust stroke
transfers the remaining combustion products into the exhaust manifold. The timing for the exhaust valve
opening is important since an early opening will reduce the work on the piston (less output torque) and a
late opening will need external work delivered to the piston during the exhaust phase (see Section 2.2.3.1).

The intake valve opens before TDC and the exhaust valve closes some time after in order to help the
combustion products trapped in the clearance volume when the piston reaches TDC to leave and to replace
them with a fresh mixture. This period when both the inlet and exhaust valves are open is called
valve overlap. The combustion process of Sl engines is divided into four phases, namely ignition, flame
development, flame propagation and flame termination [1]. Flame development is sometimes taken as part
of the first phase and a total of three phases is considered [2]. The flame development interval is between
the spark discharge and the time when a fraction of the fuel-air mixture has burned. This fraction is defined



18 Vehicle Powertrain Systems

differently such as 1, 5 or 10%. During this period, although ignition occurs and the combustion process
starts, very little pressure rise and useful work is achieved.

In the interval between the end of the flame development stage and the end of the flame propagation
process, usually the bulk of the fuel and air mass is burned and an energy release of about 90% is achieved.
During this period, the pressure in the cylinder is greatly increased and thus the useful work of an engine
cycle is the result of the flame propagation period. The remaining 5-10% of the fuel-air mass burning
takes place in the flame termination phase. During this time, the pressure quickly decreases and
combustion stops. The combined duration of the flame development and propagation phases is typically
between 30 and 90 of the crank angle.

2.2.2.2 ClI Engine Combustion

The operation of a typical four-stroke Cl engine during the intake stroke is the same as for the intake stroke
inan Sl engine in terms of valve openings. The only difference is that air alone is inducted into the cylinder
in this stroke. The compression ratio is higher for Cl engines and during the compression stroke, air is
compressed to higher pressures and temperatures than Sl engines. The fuel is injected directly into the
cylinder in the combustion stroke where it mixes with the very hot air, causing the fuel to evaporate and
self-ignite and combustion to start. The power stroke continues as combustion ends and the piston travels
towards BDC. The exhaust stroke is also the same as for Sl engines.

Ina Cl engine at a given engine speed, the air flow is unchanged and the output power is controlled by
only adjusting the amount of fuel injected. The nature of the fuel-air mixture in compression ignition
engines is essentially different from Sl engines. In Sl engines, a homogeneous mixture is available and
during the combustion process a flame moves through the mixture. In Cl engines, however, the liquid fuel
that is injected at high velocities through small nozzles in the injector tip, atomizes into small drops and
penetrates into the hot compressed air inside combustion chamber. As a result, the nature of combustion is
an unsteady process occurring simultaneously at many spots in a very non-homogeneous fuel-air mixture.

The process involved in the combustion of fuel after injection can be divided in four phases. The first
phase is ‘atomization’ in which the fuel drops break into very small droplets. In the second phase called
‘vaporization’, due to the hot air temperatures resulting from the high compression, the droplets of fuel
evaporate very quickly. After vaporization, because of the high fuel injection velocity and the swirl and
turbulence of the air, in the “fuel-air mixing phase’ the fuel vapour will mix with the air to form a
combustible mixture. Since the air temperature and air pressure are above the fuel’s ignition point,
spontaneous ignition of portions of the already-mixed fuel and air occurs in the ‘combustion phase’. The
cylinder pressure increases as combustion of the fuel-air mixture occurs. It also reduces the evaporation
time of the remaining liquid fuel. The injection of liquid fuel into the cylinder will continue after the first
fuel injected is already burning. After the start of combustion when all the fuel-air mixture that is in a
combustible state is quickly consumed, the rest of the combustion process is controlled by the rate at
which the fuel can be injected. Since only air is compressed in the cylinder during the compression stroke,
much higher compression ratios are used in Cl engines compared to those of SI engines. Compression
ratios of modern CI engines range from a minimum of 14 up to 24.

Engine types include naturally aspirated engines where atmospheric air is inducted directly, turbo-
charged engines where the inlet air is compressed by an exhaust-driven turbine-compressor combination,
and supercharged engines where the air is compressed by a mechanically driven pump or blower. Both
charging systems enhance engine output power by increasing the air mass flow per unit displaced volume,
thereby allowing more fuel combustion energy.

2.2.3 Engine Thermodynamics Review

During real engine cycles (intake, compression, combustion and exhaust), the composition of the
substances inside the process is changing. The variable state of gases makes the analysis difficult and
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to make the analysis manageable, real cycles are approximated with ideal air-standard cycles. This
involves the following assumptions:

- The gas mixture in the cylinder is treated as an ideal gas with constant specific heats for the entire cycle.

- The real open cycle, in which the fresh air enters and combustion products leave it, is changed into a
closed cycle by assuming that the exhaust gases are fed back into the intake system.

- Since air alone as the ideal gas cannot combust, the combustion process is replaced with a heat addition
phase of equal energy value.

- The exhaust process is replaced with a closed system heat rejection process of equal energy value.

The processes are also idealized as reversible with the following properties:

- The intake and exhaust strokes are both assumed to be at constant pressure.

- Compression and expansion strokes are approximated by isentropic processes, and in spite of having
small friction work and heat transfer within a cycle, these strokes are assumed to be reversible
and adiabatic.

- The combustion process is idealized by a constant-volume process for Sl engine and a constant-pressure
process for Cl engine.

- Exhaust blow-down is approximated by a constant-volume process.

Air standard cycles are the basis of determining the engine thermal efficiency and performance. These
cycles are plotted in the pressure-displacement plane as the processes involved contain constant pressure,
constant volume or isentropic processes, as explained gpove. On the other hand, the work carried out by
pressure forces acting on the piston can be evaluated by pdV integral. Therefore, the work done during a
single engine cycle is the area enclosed by the cycle process curves on the pressure-volume diagram.
Plots of pressure versus volume for reciprocating engines are called indicator diagrams since they are the
basis for the estimation of the engine performance.

2.2.3.1 Spark Ignition Engines

The Otto cycle shown in Figure 2.4 is the theoretical cycle commonly used to represent the processes of
the spark ignition engines. As described earlier, a fixed mass of air as working fluid is assumed to be used

Pressure

Pa

Volume

Figure 2.4 Standard Otto air cycle for Sl engines
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in the cycle and the piston moves from BDC to TDC and back again. The intake stroke of the Otto cycle
starts with the piston at TDC (point 0) in a constant inlet pressure. The intake process of a real throttled
engine will differ due to pressure losses in the air flow, therefore, Figure 2.4 represents an open throttle
condition only. The compression stroke is an isentropic process from BDC to TDC (from point 1 to point
2). In areal engine, the intake valve is not fully closed at the beginning of the stroke and the spark plug is
activated before TDC and thus the cycle is affected by these events. The heat input process from point 2 to
point 3 represents the combustion process which in real engines occurs at close to constant-volume
conditions. During this process an amount of energy is added to the air that raises the temperature to the
peak cycle temperature at point 3. This increase of temperature during a constant-volume process also
resultsinalarge pressure at point 3. The expansion stroke (from point 3 to point 4) that follows combustion
is approximated by an isentropic process in the Otto cycle. This is an acceptable approximation, as long as
the stroke is frictionless and adiabatic.

The Otto cycle represents the exhaust blow-down process with a constant-volume pressure reduction
process from point 4 back to point 1. The exhaust stroke occurs as the piston travels from BDC to TDC.
The process from point 1 to point 0 is the exhaust stroke that occurs at a constant pressure of one
atmosphere. At this point after two crank revolutions, the piston is at TDC and a new cycle begins.

Note that the processes from point 0 to point 1 and from point 1 to point 0 in the Otto cycle are
thermodynamically opposite and cancel each other out during one complete cycle. Thus in cycle analysis
the bottom line will no longer be needed.

A summary of the thermodynamic analysis will be presented for the cycle by considering the property
of each stroke. Useful relationships for ideal gas are given in Table 2.2.

The thermal efficiency Z; of the Otto cycle is defined by the ratio of net specific output work wy,e (work
per unit mass) to the net input specific energy g, (energy per unit mass):

Z; Otto ... 1red 2:1

Jdin)

The specific output work is obtained by subtracting the outgoing energy qou in the exhaust stroke (4-1)
from the input energy during the combustion stroke (2-3):

Whet - Oin Qout - J2 3 04 1 2:2
in which from basic equations at constant volume (Table 2.2):

Q3..Ch T3 T2 2:3
Gs 1--C T2 Ty 2:4

where ¢, is the specific heat at constant volume and T is temperature. Substituting in Equation 2.1 gives:

9 1] 1 Ty Ta

Z; Otto ... 1 ¢ - 2:5
192 3] T3 T2
Table 2.2 Ideal gas formulae
1 Basic relationship pV ... mRT
2 In terms of specific volume pv .. RT
3 In terms of specific mass p..rRT
4 Isentropic (adiabatic-reversible) process pvk .. cte
5 Isentropic process Tvk 1 cte
6 Constant volume process g..cDT
7 Constant pressure process q..c,DT
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The thermal efficiency can be simplified in the following simple form by using existing relations between
the temperatures in isentropic compression and expansion strokes:

T1

Z; Otto .1 — 2:6
T Tz
For an isentropic compression cycle (1-2), one can write:
T vy K1
2.2 2.7
T1 Vo

in which v is specific volume and k ... C—p is the ratio of specific heats at constant pressure and constant
volume. Defining the compression ratio rc as the ratio of maximum to minimum absolute air volumes:

Vi v
rc.o.——..— 2:8
¢ Vo '
and combining Equations 2.6-2.8 will result in:
1 k1
Z; Otto .1  — 2:9
fc

Equation 2.9 is very useful since if one knows only the compression ratio, the thermal efficiency can
be determined. It also shows that the compression ratio is a fundamental parameter of the engines and
that increasing compression ratio increases the cycle thermal efficiency. Figure 2.5 illustrates this
relation graphically.
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Figure 2.5 The variation of thermal efficiency of an Otto cycle with the compression ratio



22 Vehicle Powertrain Systems

In practice, the compression ratio of SI engines is limited by the condition that the fuel-air mixture
should not spontaneously start burning due to the high temperature reached after the compression phase.
This will in turn depend on the fuel octane number. Higher octane numbers allow higher compression
ratios. Due to this limitation, commercial Sl engines are normally designed with compression ratios
less than 10.

Additional equations for the Otto cycle can be obtained as follows.

The total combustion energy (heat) in one cycle is:

Q2 3..Mpcy Tz Ty ... MZ Qny 2:10

where my, and my are the mixture and fuel masses, and Z; and Qgy are the combustion efficiency and
fuel heating value respectively. From Equation 2.10 the net temperature increase can be found:

Z.Qnv 1 me

DTy 3..Tg Tp.. <<tV
2303 2o TAF 1 M

2:11

in which AF is the air to fuel mass ratio and m, is the exhaust residual mass of a cycle. By using Equations
2.1, 2.3 and 2.9, the net specific work is found:

QHV

mr

Wnet e Zqu 3 ZTZCAF 1 1 mm 212
The net work of the cycle is then:
m
Waet ... MmWet ... mszzc% 1 mﬁ 2:13
Indicated mean effective pressure is defined as:
Wnet Wnet
ime - 2:14
Pime Vl Vz Vd
Indicated power P; at a specific revolution speed n (rpm) is (in a four-stroke engine):
NWhet
P .. 2:15
'T120

If mechanical efficiency Z,, is known, the brake power (that is output mechanical power) and brake mean
effective pressure are obtained as:

Py ... ZmPi 2:16
Pome -+ ZmPime 2:17
Engine output (brake) torque is:
Th ... 30Py 2:18
pn

The brake specific fuel consumption (BSFC) is defined as the ratio of fuel mass rate m; to the brake power:

BSFC .. 2f 2:19
Pb
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The engine volumetric efficiency is defined as the ratio of air mass inducted into the cylinder m, to the total
air mass displaced by the piston (at the ambient air conditions):

Ma
Y,V

2:20

in which r, is the density of ambient air and Vy is the swept volume by the piston.

Example 2.2.1

Air at sea level and 30 C enters a 2.0 litre, four-cylinder, four-stroke Sl (Otto) engine with a
compression ratio of 8. The temperature of the fuel-air mixture entering the cylinder is 50 C. Use
the information given in Table 2.3 and determine:

(@) the bore, stroke and clearance volume of each cylinder;

(b) the masses of mixture, air, fuel and exhaust in one cycle per cylinder;

(c) the maximum cycle temperature and pressure;

(d) the indicated thermal efficiency and the net indicated work of a cycle per cylinder;
(e) the indicated and brake effective pressures;

(f) the engine indicated power, brake power and torque at 3000 rpm;

(9) the brake-specific fuel consumption and volumetric efficiency of the engine.

Table 2.3 Engine information of Example 2.2.1

1 Air-fuel mass ratio 15

2 Combustion efficiency 95%

3 Mechanical efficiency 85%

4 Stroke/bore ratio 11

5 Fuel heating value 44 MJ/kg

6 Exhaust residual in a cycle 5%

7 k 1.35

8 Cy 0.821klJ/kg K

Solution

(a) For a single cylinder the displacement is:
Vg .. 2:0=4 ... 0:5litre 5:0 10 “m?
The bore and stroke are:

1
4Vy 3
—¢ 7 . 833cm; S..1:1 B..917cm
1:1p
The clearance volume V. is equal to V, and since V; is the total volume (including V,), the
compression ratio can also be written as:
\ Vg Ve

e ...— ...
€V, Ve
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from which V. is obtained:

Vi

Ve ...
© e

. 3
1 71:43cm

(b) From the basic ideal gas formula (Table 2.2) written for phase 1 of the Otto cycle:
p1V1 ... MpRTy

p. is the atmospheric pressure (101,330 Pa), R is the universal gas constant (287 J/kg. K) and T, is
the inlet temperature (in  K). Thus, the mixture mass is:

p1 Vo Ve
My ... ————— ... 0:6243
m RT, g

The total mixture mass is equal to:
My .. Mg Mg m;

where the residual mass is 5% of the total mass and the air-fuel mass ratio is given in Table 2.3, so
the masses simply are:

0:95 my

ms ... AE 1 0:0371g; my..15mf .. 0:556g and m,..0:0312¢g

(c) The maximum cycle temperature and pressure occur at point 3 of Otto cycle. In order to find the
quantities at point 3, those at point 2 are needed first. Thus, for the isentropic process 1-2 we can
write:

k
P2 2 py..r&py..89% 10133 ..1:68MPa

V2

v k 1

T, .. V—1 Ty..ré 1T; .. 8% 323:16 .. 669:1 K 396 C
2
From Equation 2.10:
. . 6
Ty T MiZQuv  gpgq 20371 0195 44 ﬁo .. 3692 K 3419 C
MmCy 0:6243 0:821 10

For constant volume process 2—-3 we have:

T3 ) 3692 .
P3 ... pz_l_—z ... 1:68 6691 " 9:26 MPa

(d) Indicated thermal efficiency from Equation 2.9 simply is:

1 k 1
Z; .1 = 0517
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The net indicated work can be calculated directly from Equation 2.13:

44 10°

Whet ... 0:6243  0:517  0:95

(e) Indicative and brake effective pressures are obtained from Equations 2.14 and 2.17
respectively:
Wpet  801:12

ime v —= L ————_ . 1:602 10°Pa
Pime Vq 5 10 7

Pome - ZmPime ... 0:85  1:602 ... 1:36 MPa

(f) The indicated power and brake power can be determined directly from Equations 2.15
and 2.16. So for four cylinders at 3000 rpm, we have:

NWhet
120

Pi..4 ... 80:1 kW

Py ... Z,Pi ... 0:85 80:1 ... 68:1 kW
The engine torque from Equation 2.18 is:

30 681 10°
Ty ——— — 217N
b T 3000 m

(9) For brake specific fuel consumption, the fuel mass rate is needed. The fuel mass in one cycle
per cylinder was obtained earlier in (b). The total fuel mass flow rate and BSFC then are:
nms . _ _
ms ... 4 120 0:0037 kg=s 13345g=h
13345

BSFC ... o8l

... 196 g=kWh

The volumetric efficiency of the engine needs the density of air in intake that can be obtained from
the state equation at an input temperature of 30 C. Thus:

; M 0:556 10 °
Vg T1:165 5 10 47

.. 0:955 95:5%

2.2.3.2 Compression Ignition Engines

In an ideal air standard diesel cycle shown in Figure 2.6, combustion takes place at a constant pressure
rather than at the constant volume of the Otto cycle. The justification is that by controlling the fuel
injection rate and thus the rate of chemical energy release during the expansion of the combustion gases, a
constant pressure process could be achieved.

The thermodynamic analysis of the CI cycle is similar to that of the Otto cycle. However, in addition
to the volumes V; and V, of the Otto cycle, in this case, a third volume V3 also plays a role. Therefore, a
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Figure 2.6 Standard air cycle for Cl engines

‘cut-off ratio’ is defined to relate this value to V, as:

V3 T3

e — e — 2:21
€V, T,

r

The right-hand side equality holds owing to the constant pressure process. Starting with Equation 2.1 for
the thermal efficiency of the cycle, the net specific output work is similar to Equation 2.2 but differs in that
the input energy is given at a constant pressure rather than at a constant volume. Thus:

02 3...Cp T3 T, 2:22

Substituting Equations 2.22 and 2.2 into Equation 2.1 results:

j94 1 1 o T, Ty T4 Ta

- . 2:23
192 3j Tz T2 kTs T,

Z; Diesel .1

This equation cannot be simplified as in the case of Sl engine. The simplest form of the equation reads:

1 g 1

2:24
kl'lél rco 1

Z; Diesel ... 1

that is, a function of both the compression and cut-off ratios. Other useful relations for the diesel cycle are
obtained below.
The total combustion energy (input heat) in one cycle is (constant pressure process):

Q2 3..Mncp Tg T2 ... MZQuy 2:25
Equation 2.11 of the Otto cycle will have a minor change (c, replaces c,):

ZQnv m

_CoxHV 2:26
c, AF 1 Mm

DTy 3..Ts Tp..

The rest of the relations are similar for the diesel cycle and those obtained for Sl engines
(Equations 2.12-2.20) can be used also in this case.
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Example 2.2.2

For compression ratios ranging from 5 to 20, compare the thermal efficiencies of air standard Sl
and ClI engines with similar specifications. Compare the results for different cut-off ratios ranging
from 2 to 6.

Solution

A simple MATLAB program with two inner and outer loops for rc and r¢, can be used to find
the result. The output is shown in Figure 2.7. It can be seen that the efficiency of the Sl
engine is always higher than that of the CI engine. Nevertheless, due to the low compression
ratios in the Sl engine, the air standard thermal efficiency is limited to around 60%. In Cl engines,
on the other hand, higher compression ratios allow similar or even higher thermal efficiencies.
For instance, a compression ratio of 15 and a cut-off ratio of 2 results in a similar 60% thermal
efficiency. The effect of the cut-off ratio on the thermal efficiency of the CI engine is also
clear from the three curves of 2, 4 and 6 cut-off ratios. Smaller cut-off ratios produce
larger thermal efficiencies. It is a straightforward task to use the MATLAB program and show
that as r¢, approaches unity, the efficiency curve of the Cl engine will be identical to that of the Sl
engine.
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Figure 2.7 Comparison between the standard thermal efficiencies of SI and CI engines
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Example 2.2.3

Consider a four-cylinder, four-stroke and 2.0 litre Cl (diesel) engine with a compression ratio of 16.
The ambient air is at sea level and 30 C. The temperature of the fuel-air mixture entering into the
cylinder is 50 C. Use the information given in Table 2.4 and determine:

(@) the bore, stroke and clearance volume of each cylinder;

(b) the masses of mixture, air, fuel and exhaust in one cycle per cylinder;

(c) the maximum cycle temperature and pressure;

(d) the indicated thermal efficiency and the net indicated work of a cycle per cylinder;
(e) indicative and brake effective pressures;

(f) engine indicated power, brake power and torque at 3000 rpm;

(g) brake specific fuel consumption and volumetric efficiency of the engine.

Table 2.4 Engine information of Example 2.2.3

1 Air/fuel mass ratio 18

2 Combustion efficiency 95%

3 Mechanical efficiency 85%

4 Stroke/Bore ratio 1.3

5 Fuel heating value 43 MJ/kg

6 Exhaust residual in a cycle 5%

7 k 1.35

8 Cp 1.11kJ/kg K
Solution

The procedure to solve this problem is similar to that of Example 2.2.1.

(a) The displacement for a single cylinder is Vg ... 0:5litre 5:0 10 “*m?® . The bore and

stroke are:
1

3
B .. M .. 7:88cm; S..1:3 B..10:25cm
1:3p
V. is:
V
Ve o d 7 33:33¢cm®
(b) The mixture mass is:
P1 Vd Vc .
M ... RT .. 0:5827¢g

As can be seen, less mass is inducted compared to the SI case (Example 2.2.1) owing to the smaller
clearance volume. The mass composition is:

0:95
my ...TT"'...O:OZMQ; My .. 18m; .. 0:524g and m, .. 0:0291g
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(c) The maximum cycle pressure occurs at points 2 and 3 of the cycle. The maximum temperature
will be at point 3. For the isentropic process 1-2:

P2 .. rpy ... 16%%  1:0133 ... 4:28 MPa
To .. 1Ty .. 16%%  323:16 .. 852:8 K 580 C

From Equation 2.10:

. . 6
T3.. T Mt ZeQuv ... 852:8 0:0291 0:95 43 310 .. 2693 K 2420 C
MmCp 0:5827 1:11 10
1 167 1
Z; Diesel ... 1 3:16 ... 0:516 51:6%

1:35 3:16%% 3116 1

For constant pressure process 2-3:
p3 ... P2 ... 4:28 MPa

which is very low compared to that for the SI engine of Example 2.2.1. The cut-off ratio is:

Ts 2603

(d) Indicated thermal efficiency from Equation 2.24. The net indicated work can be calculated
directly from Equation 2.13:

43 10°

Whet ... 0:5827  0:516 0:95 ———H
net 18 1

0:95 ... 613:85J

(e) Indicative and brake effective pressures are obtained from Equations 2.14 and 2.17
respectively:

Whete  613:85

ime o — L 1:228  10°Pa
Pime - = 510 4

Pome -+ ZymPime ... 0:85  1:228 ... 1:044 MPa

(f) The indicated power and brake power are determined for four cylinders at 3000 rpm:

NWhet

20 61:4 KW

Pi .4

Py ..Z,P;i..0:85 614 .. 52:2kW
The engine torque from Equation 2.18 is:

30 522 10°
Ty ———= _~~ 166N
b T 3000 66 Nm
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(9) The total fuel mass flow rate and BSFC are:

m .. 4 % .. 0:0029 kg=s 10488 g=h
10488
BSFC ... 5" .. 201 g=kWh

The volumetric efficiency is:

Ma 0:524 10 8

7, . L .. 0:900 90:0%
VU rVg 1165 5 10 4 °

2.2.3.3 Comparison of Standard Sl and CI Cycles

The standard cycles for Sland Cl engines may be compared for an equal displacement, as Figure 2.8 shows.
For this case, the input condition is also similar and the difference in process 1-2 is due to the different
compression ratios. It is clear that the SI cycle has a larger peak pressure and the surface under the closed
cycle 1-2-3-4-1 of the Sl engine is greater than that of 1-2p—3p—4—1 of the Cl engine. Thus, the indicated
specific work of the Sl cycle is greater than the work of the CI engine with a similar displacement.

Itisalso clear from Figure 2.8 that the maximum pressure of the Sl cycle is considerably higher than that
of the Cl engine. However, Cl engines with higher compression ratios can have pressures as high as those
of Sl engines since in the engine design this would be the mechanical limitation. A different comparison,
therefore, can be made by having both engines with equal high pressures as depicted in Figure 2.9. In this
case, the area enclosed by the cycle 1-25-3-4-1 of the Cl cycle is apparently greater than that of Sl cycle
1-2-3-4-1 and thus the indicated specific work of the CI cycle would be greater than the work of the SI
cycle when the maximum pressures are identical.

2.2.3.4 Real Engine Cycles

Typical real indicator cycles of Sl and Cl engines are given in Figures 2.10 and 2.11. In the SI case, the
cycle differs in the constant volume exhaust blow-down process with the ideal Otto cycle. A greater
difference can be seen in Cl cycle. In addition to the same phenomenon of exhaust blow-down, a constant
volume segment exists in the real cycle that is absent in the ideal cycle. This segment is due to an early fuel
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Figure 2.8 Comparison of standard air cycles for SI and CI engines with equal displacements
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Figure 2.9 Comparison of standard air cycles for SI and Cl engines with equal high pressures
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Figure 2.10 A real cycle for a four-stroke Sl engine

injection (before TDC) in real engines which builds up the pressure in the cylinder when the piston is close
to TDC (constant volume). A dual cycle approximation (Figure 2.11b) is sometimes used to model the
cycle more accurately.

2.2.3.5 Part Throttle SI Engine Cycle

So far it has been assumed that the intake air was unthrottled (wide open throttle, WOT) and that the inlet
air in the intake manifold was at atmospheric pressure. At part throttle, the valve is partially open and
restricts the flow, resulting in a lower than atmospheric inlet pressure. This will in turn cause a lower air
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Figure 2.11 Indicator cycles of a four-stroke diesel engine: (a) real engine; (b) a dual cycle approximation

mass to fill the cylinder and the required amount of fuel will also be lower, resulting in less thermal energy
from combustion and less resulting work.

The typical air cycle for the part throttle engine is shown in Figure 2.12. According to Figure 2.12,
the net work is less than that of the standard Otto cycle, since the upper loop of the cycle represents
positive work output (power cycle), while the lower loop is negative work absorbed by the engine

(pumping cycle).

2.2.3.6 Effect of a Turbocharger

Turbochargers or superchargers use the exhaust pressure or a mechanical power respectively to drive a
compressor to pump the inlet air and increase the intake pressure to higher than atmospheric values. This
increases the inlet air in the combustion chamber during the cycle and, clearly, the more mixture mass
there is in the cycle, the more chemical energy is released and the resulting net indicated work is therefore
increased. The effect of turbocharging or supercharging on the air standard cycles would be to increase the
intake pressure at point 1 to higher values. For example, in the Otto cycle, the result would be similar to

o 3
2
3
a
Power cycle
2
' 4
010 )
a T N )
N > E 1
1 Pumping cycle :
TDC BDC

\olume

Figure 2.12 Part throttle Sl air cycle
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Figure 2.13  Effect of turbocharging on the Sl air cycle

that shown in Figure 2.13. Again, the increase in the positive areas under the cycle loops is an indication
of the increased net indicated work of the cycle.

2.2.4 Engine Output Characteristics

In the foregoing discussion it was observed that the standard cycles were able to generate the engine
indicated outputs at WOT and desired working speeds (see Examples 2.2.1 and 2.2.3). Nevertheless, the
net indicated work of the cycle was found to be independent of speed (Equation 2.13). In practice,
however, an engine works at diverse conditions of output speeds and powers. An important question is how
the engine performance is related to the speed. The variation of engine output power and torque versus
speed can be obtained from Equations 2.16 and 2.18 respectively. These equations can be rearranged in the
following forms:

ZmWnet .
Py ... 120 n kpn 2:27
Ty ... 30Py I 2:28
pn

So according to the air standard cycles, the WOT engine output torque and power in the entire range of
operation will be similar to that shown in Figure 2.14. This is true for both SI and CI engines and only the
constant values T and kp will be different.

The characteristics of real engines are in general similar to the characteristics of ideal cycles but differ at
low and high speeds. The reason is that the overall engine efficiency Z, is not constant and varies with the
engine speed. To see this, let us combine Equations 2.13, 2.14 and 2.17 (assume no residual mass in
the cycle) to obtain:

Qnv

m
Porme - V—(”;ZmZTZC 1 2:29
Recalling mj ... x5 my, and substituting in Equation 2.20 gives:
m AF 1
T rZ, 2:30

7
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Figure 2.14 Ideal engine torque and power outputs

which eventually leads to the following equations for pyme, torque and power (four-stroke engines):

r-aQHV

Pore - ZZnZ1Zo—552 2:31
r,VaQunv x .

Tb ZVZmZTZCZpT ZekT 232
r,VqQuv . .

Po .. Z,ZyZrZ, =250 SN . 2 Kon 2:33

As mentioned earlier, the overall efficiency of engine Z, is not a constant and is dependent on several
factors, including engine load and speed. The relation of Z, to engine working parameters is very complex
and is not well documented in the literature. For real engines, even the factors kT and k;, are not constant
and change with changing atmospheric conditions and engine speed.

Among the different factors influencing the overall engine efficiency, the one with substantial
importance is the volumetric efficiency, since it governs how much air gets into the cylinder during
each cycle. More inlet air means more fuel can be burned and more energy can be converted to output
power. However, because of the limited cycle time available, the pressure losses across the air cleaner, the
intake manifold, the intake valve(s), the reduction of mixture density due to hot cylinder walls and the gas
inertia effects, less than the ideal amount of air enters the cylinder and reduces the volumetric efficiency.
The variation of volumetric efficiency with engine speed is shown in Figure 2.15 for a typical spark
ignition engine.

Torque and power characteristics of a real engine, therefore, will be affected especially at low and high
engine speeds. The resultwill be a lowering of engine torque at low and high speeds. The maximum engine
power will not occur at its maximum speed but at a lower speed. Typical WOT engine performance curves
for an Sl engine are shown in Figure 2.16.

2.2.5 Cylinder Pressure Variations

The piston is controlled by the cylinder pressure and its motion to produce the engine speed
and output torque. The instantaneous pressure variation, therefore, controls the output characteristics of
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the engine. A suitable variable against which to express the engine pressure variations is the crank angle. As
aresult, the plot of pressure versus crank angle is commonly used. These curves, in addition, provide further
understanding of the effect of engine torque variation with a spark or injection timing.

The values for the pressure of the cylinder were determined for air standard SI and CI cycles in
Section 2.2.3, for the end points of each stroke. In order to plot the pressure variation, the pressures in the
mid-region are also necessary. For this reason the cylinder volume must be related to the crank angle y.
It can be written as:

Vy ..Vi YAp 2:34

in which Ap is the piston area and (see Section 2.3.1):

y ... Rcosy lcosb 2:35

b..sin ! IE

siny 2:36

Note that at y ... 0 the piston isat TDC and aty ... 180 degree itisat BDC. Also S ... R | is the stroke.
The cylinder pressure variations will be examined in Example.2.2.4.

Example 2.2.4

Consider Example 2.2.1 and find the variation of pressure versus the crank angle during one
complete cycle. The radius of the crankshaft is 40 mm.

Solution

During the intake stroke the pressure is constant at atmospheric pressure p, (see Figure 2.4).
This stroke starts from TDC to BDC. During the compression stroke the pressure at
angle y is determined from the following equation for crank angles from 180 degrees to 360
degrees:

At 360 degrees (end of compression process), at a constant volume the pressure builds up
abruptly tops ... 9:26 MPa. Then from 360 to 540 degrees (the expansion stroke), the pressure at
angle y is determined from similar equations for the compression phase. Again at a constant
volume the pressure drops to the atmospheric pressure p, ... 101 kPa. The exhaust stroke takes
place at a constant atmospheric pressure.

A MATLAB program to solve this example is listed in Figure 2.17 and the output plot is given in
Figure 2.18.
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% Example 2.2.4

% Atmospheric data

T0=273.16+30;

p0=101330; % Atmospheric condition
R=287;

T1=273.16+50; % Inlet temperature

% Engine data:

Dis=2.0; % Litre

N=4; % Number of cylinders
AF=15; % Air/fuel ratio

ce=0.95; % Combustion efficiency
me=0.85; % Mechanical efficiency
SB=1.1; % Stroke/bore ratio
QHV=44e6; % Fuel heating value
er=0.05; % Exhaust residual percent
rC=8; % Combustion ratio
k=1.35; % cplcv

cv=0.821e3; % J/kg.K

Rc=40/1000; % Crank radius

% Pre-calculations
Vd=Dis/4/1000;
B=(4*Vd/pi/1.1)"(1/3);
S=1.1*B;
Ve=Vvd/(rC-1);

1=S-Rc;

V1=Vd+Vc;
Ap=pi*B"2/4;
mm=p0*(Vd+Vc)/R/T1,;
mf=(1-er)*mm/(AF+1);

% Intake stroke:
p=ones(1,181)*p0;
crak_ang=0: 1: 180;
plot(crak_ang, p/10"6)

% Compression stroke:

for i=1: 181
ang=(i+179)*pi/180;
theta(i)=i+179;
beta=asin(Rc*sin(ang)/I);
y=Rc*cos(ang)+I*cos(beta);
Vt=V1-y*Ap;
rv=V1/Vt;
p2(i)=p0*rv/k;

end

T2=T1*rC"k-1);

T3=T2+mf*QHV*ce/mm/cv;
p3=p2(181)*T3/T2;
2(181)=p3;

ﬁofd on) P

plot(theta, p2/10"6)

Figure 2.17 MATLAB listing for Example 2.2.4
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% Expansion stroke:

fori=1: 181
ang=(i+359)*pi/180;
theta(i)=i+359;
beta=asin(Rc*sin(ang)/l);
y=Rc*cos(ang)+|*cos(beta);
Vt=V1-y*Ap; rv=Vc/Vt;
pa(i)=p3*rv/k;

end

T4=T3*(UrC)*(k-1);

T5=T1; p5=p4(181)*T5/T4;
p4(181)=p5;

plot(theta, p4/10"6)

% Exhaust stroke:
p=ones(1,181)*p0;
crank_ang=540: 1: 720;
plot(crank_ang, p/10"6)
xlabel('Crank angle (degrees)’)
ylabel('Pressure in cylinder (MPa)')

Figure 2.17 (Continued)
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Figure 2.18 The pressure variation in a single cycle (Example 2.2.4)

The cylinder pressure can also be obtained from laboratory tests. A pressure sensor can detect the
variation in cylinder pressure and produce an electric (or digital) signal proportional to it. With
simultaneous recording of the crank rotation angles, test results for the pressure variation versus crank
angle can be obtained. Tests are usually performed at specific constant engine speed. At different engine
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Figure 2.19 Cylinder pressure variations versus crank angle for a real Sl engine

speeds, the pressure curve will be different and as a result the engine performance will also be different.
A typical cylinder pressure versus crank angle variation of a real Sl engine is given in Figure 2.19. The
overall trend is seen to be quite similar to that of Figure 2.18 for the ideal engine.

2.3 Engine Modelling

In the preceding section, the principles of engine power generation based on the combustion of fuel inside
the engine and the related energy release were discussed. The output power and torque obtained from such
an analysis, however, are average and indicative. In order to find instantaneous outputs of an engine, two
different approaches, illustrated in Figure 2.20, are available. Process modelling is a more elaborate
method of what was discussed in Section 2.2, in which the details of fluid flow to the engine, valve timing,
combustion process, thermodynamics, heat transfer and fluid flow out of the engine are all modelled.

Instantaneous
analysis

¥ ~ = 1
Process Mechanical
modelling modelling
. i — . — . - —— __
Combustion Thermodynamics Fluld Kinematics L Force analysis
dynamics

Figure 2.20 Methods of analyzing instantaneous engine outputs
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The accuracy of such modelling depends on how correct its subsystems are. This approach uses
sophisticated software with a large number of inputs. The second approach is a mechanical analysis
method which is rather simple and accurate, provided that accurate combustion pressure data are available.
Inthis section, we will use the second approach to develop relations for the engine’s instantaneous torque
by analyzing the engine kinematics and force balance. We will start with single cylinder engines and the
outputs of multi-cylinder engines will be discussed later. The justification is that a single cylinder internal
combustion engine is a building block for the multi-cylinder engines. Since all cylinders are similar in an
engine, once a model is built for a single cylinder, it can easily be extended to the other cylinders.

2.3.1 Engine Kinematics

The kinematics of a single cylinder engine is that of a slider-crank mechanism. Figure 2.21 illustrates
the terminology of the parts of a single cylinder engine and a simplified slider-crank mechanism. The
piston travels up to the top dead centre (TDC) while the crank rotates. The displacement of the piston
relative to the TDC is denoted by variable x. Revolution of the crank is considered positive clockwise
and denoted by angley (crank angle). The crank radius is R and the length of the connecting rod between
points A (wrist pin or gudgeon pin) and B (connecting rod journal bearing) is .

The total distance travelled between TDC and bottom dead centre (BDC) is denoted by L and can be
written as:

L..R 1 2:37
According to Figure 2.21, the displacement x can be expressed as:
X ..L Rcosy Icosb 2:38
The piston speed and acceleration are the first and second time derivatives of the displacement x:

dl
dt
@
dt?

Vp ... 2:39

ap ... 2:40

TDC

Cylinder wall lx
Pt

Piston —> CKA L

Gudgeon pin

Connecting rod |

Main bearing

Counter-weight

Figure 2.21 A single cylinder engine terminology
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Differentiation of Equation 2.38 with respect to time will lead to equations for the speed and acceleration
of piston in following forms:

Vp ... kkROg 2:41
ap ... k\Ra, kaR0?2 2:42

in which o, and a, are angular speed and acceleration of the engine respectively, defined as:

dy
—-—— 2:43
Oe Gt
do, d?
. s — 2:44
dt dt?
ky and k, can be obtained from the equations below:
. R sin2y .
ky ... siny 2 cosb 2:45
R cos2y R * sin%2y
ks ... cosy T cosb — 2:46

cosh I 4cosb
In deriving Equations 2.45 and 2.46, the trigonometric relation between the two angles y and b is used:
Rsiny ... Isinb 2:47

Also, to determine cosb term in the above equations, b can be obtained from Equation 2.47:

R
b..sin! T siny 2:48

Equations 2.45 and 2.46 can be simplified to approximate equations with good accuracy. The results are
of the following forms [3]:

R

ky ... siny ﬁsin2y 2:49
R

ks ... cOsy  —cos2y 2:50

In Equation 2.42, the engine acceleration term also exists (first term) but vanishes for constant engine
speeds. Nonetheless, this term is usually very small and negligible compared to the term resulting from the
engine speed squared, especially at top speeds. In order to obtain an impression of the relative magnitudes
of the piston acceleration terms related to tangential acceleration Ra, and centripetal acceleration RO,
consider an extreme case in which an engine is accelerating from 1000 rpm to 6000 rpm in just 1 second.
During this phase rotational acceleration is constant and equal to 523.6 rad/s® and rotational speed is
increasing. At very low engine speeds the ratio of 02 over a, is one order of magnitude, around 2000 rpm it
becomes 2 orders of magnitude and at around 6000 rpm it gets close to three orders of magnitude. Thiswill
be further examined in the next example. It is, therefore, reasonable to always use only the second term in
Equation 2.42 for the piston acceleration even when the engine is accelerating. Hence:
ap ... kaRO2 2:51

e
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Example 2.3.1

The radius of the crankshaft and the connecting rod length in an engine are 50 mm and 200 mm
respectively:

(@) For engine speeds of 1000, 2000 and 3000rpm, plot the variations of piston speed and
acceleration with the variation of crank angle in one full revolution of the crankshaft.

(b) Suppose an engine is accelerating from 1000 rpm to 6000 rpm in 1 second and plot the
variations of both terms of Equation 2.42 at a speed of 1000 rpm.

Solution

(@) A simple use of Equations 2.41 and 2.42 together with Equations 2.45, 2.46 and 2.48 can
produce the required results. A MATLAB program with two loops for engine speed (outer loop)
and crank angle (inner loop) is suitable for this solution (see Figure 2.22).

% Example 2.3.1 (Piston speed and acceleration)
clear all, close all, clc

% Data
R=50/1000;
1=200/1000;
RI=R/I; % define

for j=1:3
omega(j)=1000%*j; % Engine speed (rpm)
omeg=omega(j)*pi/30; % (rad/s)

for i=1: 360
theta(i)=i; % Crank angle (deg)
ang=i*pi/180; % (rad)
beta=asin(RI*sin(ang));
kv=sin(ang)+RI*sin(2*ang)/cos(beta)/2;
ka=cos(ang)+RI*cos(2*ang)/cos(beta)+RI"3*(sin(2*ang))"2/cos(beta)/4;
v(i)=R*kv*omeg;
a(i)=R*ka*omeg”2;

end
figure(1), plot(theta, v), hold on
figure(2), plot(theta, a), hold on

end

figure(1), grid
xlabel(‘Crank angle (deg)")
ylabel(‘Piston speed (m/s)’)

figure(2), grid
xlabel('Crank angle (deg)’)
ylabel('Piston acceleration (m/s2)")

Figure 2.22 MATLAB program listing for Example 2.3.1
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Results for the piston speed and acceleration are plotted in Figures 2.23 and 2.24. Positive
values refer to the downward direction and negative values to the upward direction. It is
interesting to note the very large values of piston acceleration at TDC which increase with crank
speed. At 3000 rpm, an acceleration higher than 600 g results and for 5000 rpm the correspond-
ing value is more than 1700 g.

(b) Itwas previously mentioned that the engine acceleration is 523.6 rad/s?. The variations of the two
terms of Equation 2.42 (kyRa. and k,R0?) while the crank angle is varied from zero to 360 degrees
have been calculated by the MATLAB program and the results are shown in Figures 2.23 and 2.24. It
is clear from Figure 2.25 that the k,Ra, term is very small compared to the centripetal acceleration
term, even at very low engine speeds and its influence is to shift the whole curve a bit to the right.

800

600 s Ehgine speed = 1000 rpm yu
n /
200 ! KR e

KR 2 N \

Piston acceleration (m/s2)

—400 : s o
KR +kR !
600
0 60 120 180 240 300 360

Crank angle (deg)

Figure 2.25 Piston acceleration terms of Equation 2.42 for Example 2.3.1

Once the piston kinematics are known, equations for the connecting rod kinematics including its rotational
speeds and acceleration, and the speed and acceleration of its centre of gravity can be developed. Starting
with velocity and acceleration vectors of point B, one can write according to classical dynamics:

Vg..Xe R 2:52
ag..a R X, X R 2:53

In which radius vector R is shown in Figure 2.26 and:
Xe ... XK 2:54

A .. ak 2:55

f f'and K are a set of mutually perpendicular unit vectors fixed to the cylinder block. f'and {*as shown
in Figure 2.26 are in horizontal and vertical directions and K makes the third direction. The solutions of
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Figure 2.26  Terminology of connecting rod rotational kinematics
Equations 2.52 and 2.53 are:
Vg ... Rog cosyl® sinyf' 2:56
ap .. R a,cosy oZsiny I R asiny o?2cosy § 2:57

Angular velocity and acceleration of the connecting rod can be obtained by relating the velocity and
acceleration of the two ends of the connecting rod:

Vg .. Vao X | 2:58
ag..apn a. | %X % | 2:59
In which:
X .. XK 2:60
ac .. ak 2:61
and vector | is shown in Figure 2.26. Substituting for Va ... Vvpj'and aa ...  apf in Equations 2.58

and 2.59 and making use of Equations 2.56 and 2.57, o, and a. are found after some manipulations to be:

R cosy
O;.. — —-0O 2:62
¢ I cosb ¢
R cosy R siny ,
- — - — 2:
B [ cosb™® T cosb®e 63

In the derivation of Equation 2.63, a third term is also found but it is negligible. Moreover, the first term of
Equation 2.63 is very small compared to the second term and can be ignored. It means that the connecting
rod rotational acceleration mainly results from engine speed squared and not from engine acceleration.

With reference to Figure 2.27, the velocity and acceleration of connecting rod centre of mass G are:

Vg ... Vo X IA 2:64
ag ..apn a: Ila X X la 2:65

The right-hand sides of both Equations 2.64 and 2.65 are all known quantities and after some operations
the solutions are of the final forms:
Vi ... ROg kli’\ sz 2:66
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Figure 2.27 Connecting rod centre of mass kinematics

ag ... Rae klf\ ksz RO? kgi\ k4JA 2:67
With:
|
Ky ... TAcosy 2:68
R cosy Ig . .
ks ... 1 T oo 1 siny 2:69
ks ... ITAsiny 2:70
R cos2y Ig
kg ... — —= 2:71
4 OO T Tosn

In Equation 2.67, a negligible term has been excluded. |5 and Ig in Equations 2.68-2.71 as illustrated in
Figure 2.27 are the distances from the CG of the connecting rod to points A and B respectively.

Example 2.3.2

The connecting rod of engine in Example 2.3.1 has a length |, of 140 mm. Determine:

(@) the connecting rod angular speed and angular acceleration versus the crank angle for the
constant engine speeds of 1000, 3000 and 5000 rpm;

(b) velocity and acceleration of connecting rod centre of mass (horizontal components, vertical
components and resultant values) at engine speed of 3000 rpm.
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Solution

(a) From Equations 2.62 and 2.63 the connecting rod rotational speed and acceleration can
readily be obtained. The MATLAB program of Figure 2.22 can still be used by including the
necessary equations for this example. The results are given in subplot format depicted in
Figure 2.28. Note the huge values of angular accelerations resulting for the connecting rod
especially at high speeds. These will lead to large inertia torques around the centre of gravity of the
connecting rod.

(b) After evaluating the coefficients k; to ky, the CG speed and acceleration can be determined
from Equations 2.66 and 2.67. Results are plotted in Figures 2.29 and 2.30. The resultant speed and
acceleration are obtained by taking the square root of the x and y components. Again the high
values of the CG acceleration are notable. These values multiplied by the connecting rod mass will
produce large inertia forces acting at the CG point.
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Figure 2.28 Connecting rod angular speed (top) and angular acceleration (bottom)
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2.3.2 Engine Torque

The pressure developed in the combustion chamber of an engine (Section 2.2.5) exerts a force on the
piston top surface which pushes it down and in turn the connecting rod forces the crank to produce
the engine torque T,. Although this phenomenon looks simple, nonetheless the engine torque has no
simple relation with the piston force as the line of action of this force, according to Figure 2.31, actually
passes through point O, the axis of rotation of crankshaft. The complexity arises, on one hand, from the
trigonometric relations and, on the other, from the inertia forces and torques acting on the connecting rod.
These will be explained in this section.

In the following analyses, D’Alembert’s principle will be applied in order to deal with a static problem
instead of a dynamic one. To this end it suffices to include inertia forces and moments on the free-body
diagrams of members under the study. The inertia force F, and the inertia torque T, acting on abody B are
defined as:

F .. mgag 2:72a
T .. lgag 2:72b

in which mg is the mass of body, I is the mass moment of inertia of the body around its centre of mass, ag
is the centre of mass acceleration vector and ag is the angular acceleration vector of the body in planar
motion. In spatial motions, the inertia torque has a more complex form [4].

The piston force Fp is generated due to the pressure build-up in the combustion chamber. Denoting this
pressure by p and the piston area by Ap, the piston force simply is:

Fp ... pAp 2:73

with units of Pascal and square metre for pressure and area, the piston force is in Newtons. If pressure is
expressed in MPa (mega Pascal), obviously the force could still be in Newtons, provided the area is
expressed in square millimetres.

Figure 2.31 Piston force and resulting engine torque
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Figure 2.32 Free body diagrams of engine components

Forces acting on the piston, illustrated in Figure 2.32a, include four components apart from the pressure
force Fp. Forces A, and A, are horizontal and vertical components of the internal bearing force acting from
connecting rod side on the piston. Fyy is the normal contact force exerted by the cylinder wall to the piston.
In practice, the contact force also has a component along the direction of motion resulting from friction.
This component has been ignored by assuming frictionless motion between the piston and cylinder.
The last force acting on the piston is the inertia force Fjp with magnitude:

Fip ... mpap 2:74

where mp is the mass of piston and all attached elements (pin and keys), and ap is the piston acceleration
(Equation 2.42). Note that the direction of piston acceleration was considered to be positive downwards,
thus the positive inertia force is shown upwards. Note also that the gravitational force has been disregarded
due to its very small magnitude relative to the large forces involved. In addition, it has been assumed that
the piston has only reciprocating motion with no rotation. In reality, however, the piston also rotates due to
the backlash. This rotation, apart from producing an inertia torque, causes the contact forces to be present
at both sides of the piston simultaneously. Moreover, it has been assumed that the line of action of the wall
force passes directly through point A, in order to constrain the rotational balance of the piston.

The free body diagram (FBD) of the connecting rod is shown in Figure 2.32b. Two of the forces acting
on the connecting rod are the reaction forces A, and A, (obviously in opposite directions to the piston
forces). Similar bearing forces acting at point B are B, and B, respectively. The two other remaining forces
are components of inertia force Fig acting at the centre of gravity of the connecting rod G. The two
components have the following magnitudes:

Fix ... Mcagx 2:75

F|y ... Mcagy 2:76

in which me is the mass of connecting rod, and ag, and ag, are the horizontal and vertical components of
ag in Equation 2.67. It should be noted that the both acceleration components are negative (ignoring
angular acceleration components) so that the directions of the inertia forces have been taken as positive in
Figure 2.32b. T\g is the inertia torque acting on the connecting rod resulting from its rotational
acceleration. The magnitude of this torque is:

Tic ... leac 2:77
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where Ig is the mass moment of inertia of connecting rod around its principal axis passing through its
centre of gravity and ac is the angular acceleration of connecting rod (Equation 2.63). Note that the
acceleration of the connecting rod was taken to be positive clockwise, thus the direction of inertia torque is
shown as counter-clockwise.

Figure 2.32c shows the free body diagram of the crankshaft. Apart from the reaction bearing forces
Bx and By, the components of the main bearing force Fg (i.e. Fgx and Fg,) act at point O. Due to the
crankshaft rotational acceleration, an inertia torque T)c is present around O with magnitude:

Tic ... lcae 2:78

in which I¢ is the crankshaft mass moment of inertia around its rotation axis and a. is the engine
angular acceleration. It should be noted that the centre of mass of the crankshaft and its counter-
weight combined is assumed to be at point O. This is achieved by choosing an appropriate counter-
weight. It is also assumed that the axis of rotation of the crankshaft is its principal inertia axis. It is
worth mentioning that all bearings have been considered frictionless, otherwise the discussion would
become more complicated.

The engine torque according to Figure 2.32c can be obtained by taking a moment sum around O:

Te ... R Bysiny Bycosy Tic 2:79

By and By have to be obtained from the free body diagram of Figure 2.32b by writing equilibrium
equations consisting of two force equations and one moment equation shown below:

By Ax Fix..0 2:80
By Ay Fiy..0 2:81
Bxlcosb Bylsinb T, Fixlacosb  Fylasinb ... 0 2:82

There are four unknowns in the three equations above, thus we will need to write one equilibrium equation
for Figure 2.32a as well. For the vertical direction we have:

Fip Ay Fp..0 2:83

From Equations 2.81-2.83, the two required unknowns B, and B, are found as:

ls I Tic )
Bx .. Fp Fp TFIy tanb TFIX Icosb 2:84

By . Fp Fip F|y 2:85

The engine torque (Equation 2.79) can be evaluated by making use of Equations 2.84 and 2.85. In this
process, the other equations for the piston force and all inertia forces and torques will also be required. It is
clear now that in calculating the engine torque from the piston force Fp, several other unknowns are
necessary and the resulting equation for the engine torque is highly non-linear. Recalling that the pressure
in combustion chamber is itself a function of several engine working parameters adds to the complexity of
engine torque determination. Additional information regarding the external loads can also be determined
from the foregoing analysis. The wall force Fy, can be obtained by making use of Equation 2.80 together
with an additional horizontal equation for Figure 2.32b. The result is:

Fw ... Fix Bx 2:86
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Figure 2.33 Engine torque results from the external forces

The main bearing forces are determined from the force equilibrium of Figure 2.32a as:

Fgx ... Bx  Ficwsiny 2:87
FBy By Ficwcosy 2:88

in which Ficw is the inertia force resulting from centripetal acceleration of the counter-weight with
mass Mcyw at a radius Rey from the crank axis:

Ficw ... McwRcw 02 2:89

An alternative way to determine the engine torque is to consider the whole engine assembly under
the action of external forces and moments shown in Figure 2.33. The main advantage of this approach is
that the internal forces will not be present. Note that the inertia forces and torques are taken into
account. Taking moments around the crankshaft axis of rotation results in the following relation for the
engine torque:

Te th Fix h |ACOSb F|y|ASi|"Ib T|G T|c 2:90

in which:
h ... Rcosy Icosb 2:91

Example 2.3.3

Specifications of a single cylinder, four-stroke engine are available in Table 2.5. The variation of
pressure in the combustion chamber with crank angle at engine speed of 3000 rpm is given in
Table 2.6. Determine and plot the variation of following parameters with the variation of crank
angle in one engine cycle:

(a) piston pressure force, inertia force and their resultant force in one single figure;
(b) connecting rod inertia forces;

(c) connecting rod inertia torque;

(d) crank-pin bearing forces;

(e) engine torque.
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Table 2.5 Engine information of Example 2.3.3

1 Piston mass 4309

2 Connecting rod mass 4409

3 Connecting rod pin-pin length | 140 mm

4 Connecting rod pin B-CG length Ig 37mm

5 Crank radius 49 mm

6 Piston area 5800 mm?

7 Connecting rod inertia 0.0015 kgm?
Table 2.6 Combustion chamber pressure for Example 2.3.3
y (deg) 0 20 23 26 50 60 70 80 100 110 150
P (bar) 18 32 325 32 20 15 10 8 6 5 3
y (deg) 190 200 220 540 600 630 660 690 710 720
P (bar) 1.2 0.6 0 0 1.0 2.0 4 9 15 18
Solution

A MATLAB program provided in Figure 2.34 is suitable to solve this problem. Since the engine is
four-stroke, one complete cycle takes two revolutions or 720 degrees. Data given for pressure is not

cle, clear all, close all

% Inputs:
mP=430/1000;
mC=440/1000;

% Piston mass kg
% Connecting rod mass kg

% Pressure in combustion chamber
% Corresponding crank angles (deg)

630 660 690 710 720];

p=interpl(ca, pr, theta);

% Example 2.3.3 - Single cylinder, 4 stroke-engine torque

1=140/1000; % Connecting rod pin-pin length m
1B=37/1000; % Connecting rod pin B-CG length IB- m
R=49/1000; % Crank radius m

Ap=5800; % Pistonarea  mm2

1C=0.0015; % Connecting rod inertia kg.m2

pr=[183232.53220151086531.20.6001.02.04 915 18];

ca=[020 23 26 50 60 70 80 100 110 150 190 200 220 540 600

% Generate an evenly distributed data for pressure
theta=0: 2: 720; % Crank angle for two complete revolutions

Figure 2.34 MATLAB program for Example 2.3.3 (First part)
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% Piston pressure force
Fp=p*Ap/10;

omega=3000; %Engine speed (rpm)
omeg=omega*pi/30;

RI=R/I; % define ratio R over |
IA=I-IB

% Loop to solve engine kinematics

for i=1: 361
ang=2*(i-1)*pi/180;
sa=sin(ang); ca=cos(ang); s2a=sin(2*ang); c2a=cos(2*ang); % define
beta=asin(RI*sin(ang));
ka=ca+RI*c2a/cos(beta)+RI"3*s2a"2/cos(beta)3/4;
aP(i)=R*ka*omeg”"2; % Piston acceleration
alpha_c(i)=RI*omeg”2*sa/cos(beta); % Connecting rod angular acceleration
k3=lA*sa/l;
kd=ca+RI*c2a*IB/cos(beta)/l;
agx(i)=-R*omeg"2*k3; % x component
agy(i)=-R*omeg"2*k4; % y component
ag(i)=sqrt(agx(i)"2+agy(i)*2); % Resultant acceleration

end

% Piston inertia force

FIP=-mP*aP;

FPt=Fp+FIP; % Resultant piston force

plot (theta, Fp, '--")

hold on

plot (theta, FIP, -.', theta, FPt)

xlabel('Crank angle (deg)")

ylabel('Forces on the piston (N)')

grid

% Connecting rod inertia forces

FIx=-mC*agx; Fly=-mC*agy;

figure

plot (theta, FIx)

hold on

plot (theta, Fly, '--"

xlabel('Crank angle (deg)")

ylabel('‘Connecting rod inertia forces (N)')

grid

% Connecting rod inertia torque

TIG=IC*alpha_c;

figure

plot (theta, TIG)

xlabel(‘Crank angle (deg)")

ylabel(*Connecting rod inertia torque (Nm)’)

grid

% Crank-pin bearing forces

for i=1: 361
beta=asin(RI*sin(theta(i)*pi/180));
Bx(i)=(-FIP(i)-Fp(i)+IB*Fly(i)/l)*tan(beta)-IA*FIx(i)/I-TIG(i)/l/cos(beta);

end

Figure 2.34 (Continued)
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By=Fp+FIP-Fly;
figure
plot (theta, Bx)
hold on
plot (theta, By, "--")
xlabel('Crank angle (deg)’)
ylabel('Crank-pin bearing forces (N)")
grid
% Engine torque
for i=1: 361
thetai=theta(i)*pi/180;  beta=asin(RI*sin(thetai));
Te(i)=R*(By(i)*sin(thetai)-Bx(i)*cos(thetai));
end
Teav=mean(Te)*ones(1,361); % Average torque
figure
plot (theta, Te)
hold on
plot(theta, Teav)
grid
xlabel('Crank angle (deg)")
ylabel('Engine torque (Nm)")

Figure 2.34 (Continued)

distributed evenly and thus is not suitable to be used in a program. A small loop is included to
convert the pressure data to evenly distributed points throughout 720 degrees of crank angle,
2 degrees apart. Comments are included in the program to make it self-explanatory. The results
obtained from the program are depicted in Figures 2.35 to 2.39. It should be emphasized that the
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results obtained from this solution belong to the specific set of data used here and only general
conclusions can be made.

Figure 2.35 shows that the net piston force resulting from pressure and inertia is downwards
(positive) most of the time and becomes upwards (negative) for only around 20% of a cycle.
Figure 2.36 shows that the connecting rod inertia force is larger in the vertical direction. The inertia
torque of the connecting rod in Figure 2.37 has zero average but it has large values compared to the
engine output torque. Figure 2.38 indicates that the crank pin vertical force is larger than its
horizontal component. This vertical force produces the main part of the engine torque. The engine
torque is shown in Figure 2.39. Although the instantaneous values of engine torque are at some
points very large, nevertheless the average value of the output torque is less than 10% of its
maximum value. It is worth noting that the whole engine torque shown in Figure 2.39 belongs to
only one average speed of 3000 rpm. The question may arise of how an engine acquires a constant
speed (say, 3000 rpm) when the torque output is varying. This issue will be discussed in more detail
in Section 2.3.4.

2.3.3 A Simplified Model

The concept of excluding the internal forces from the analysis was used in Figure 2.33 and to derive
Equation 2.90. Nonetheless, the evaluation of Equation 2.90 is still dependent on the availability of
components that were obtained from the full separation method presented earlier. As a result the concept is
not really useful unless all components can be obtained within the method itself.

Consider Figure 2.33 once again to analyse the problem for a stand-alone determination of all unknown
loads in the engine assembly. This system involves four unknowns Fgy, Fgy, Fyw and T, and is statically
indeterminate. One additional equation, therefore, is necessary in order that the four unknowns can be
determined. An approximate solution can be found by replacing the connecting rod with a two-
force member. As such, in addition to providing an additional relation between the unknown external
forces, the connecting rod inertia forces and moment will be removed from the model. To see how
the additional relationship is formed, consider the engine model with a two-force connecting rod
member shown in Figure 2.40. The connecting rod element will carry the force F along its direction.
Resolving the forces along the direction g perpendicular to the direction of F, will lead to the equilibrium
of upper part:

Fw .. Fp Fip tanb 2:92

This will serve as the additional equation.

However, the question remains of what justification can one use to replace the actual connecting
rod with a two-force, mass-less member? Obviously by doing so, the dynamic properties of the
system will change unless the replacement member keeps the dynamic properties of the original
connecting rod.

The original connecting rod shown in Figure 2.41a has mass m, length |, moment of inertia I and its CG
is located a distance I, from point A (wrist pin) and a distance lg to point B (crank pin). Let us examine
the possibility of replacing this connecting rod with a mass-less link L of Figure 2.41b with two point
masses ma and mg attached to it at endpoints A and B respectively. In order that the dynamical properties
for the proposed system remain identical to the original connecting rod, the following conditions must
be satisfied:

ma Mg..Mm 2:93
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lFP- Fip

Figure 2.40 Engine model with two-force connecting rod

mAIA mBIB 2:94

mAI,i mglé . 2:95

Equations 2.93-2.95 stand for the equality of mass, CG location and moment of inertia of the two systems.
Since the locations of two point masses are chosen to coincide with points A and B, only two equations out
of three are adequate to determine the two masses m and mg. However, as long as the third equation is not
satisfied, there is no guarantee that the two systems are dynamically equivalent. For instance, from

@) (b) ©

Figure 2.41 Connecting rod equivalent masses
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Equation 2.93 and 2.94, the two masses are obtained as:

ma ... Tm 2:96
|
mg ... TAm 2:97
Substituting into Equation 2.95 results:
mlalg ... Ic 2:98

In practice for a real connecting rod, usually Ic < mlalg, which means if the two masses are fixed at A and
B, the resulting moment of inertia from Equation 2.98 would be greater than the actual value. In other
words, if an exact dynamic equivalence is to be used, then only one of the masses, say, mg, can be fixed and
the location of the other one together with the values of the two masses should be obtained from
Equations 2.93-2.95. Calling the first mass in this case mp and the other mg, equations to calculate the
unknowns lg, mp and mg are:

Ic
e .. = 2:99
E mIB
mp ... le 2:100
g g
me ... ls 2:101
s e

Since Ic < mlalg, I is less than 1, and the mass mg will be positioned below point A as indicated in
Figure 2.41c.

The foregoing discussion indicated that in order to substitute a dynamically equivalent mass system for
the connecting rod, one of the end masses will be located out of the rotation points A or B. This system,
therefore, is not kinematically compatible with the engine motions and hence despite its accuracy it is not
workable. On the other hand, placing the two masses over the required joints A and B, makes the mass
system kinematically compatible, but dynamically different with the original system to some degree,
mainly due to the change in the moment of inertia of the connecting rod. The resulting error for the
increase of the connecting rod inertia may vary for different engines but is limited to around 30%. This
difference will not make major deviations to the system outputs and hence this simplified mass system is
generally used for the engine torque generation analysis.

With this substitution the simplified engine model will look like that of Figure 2.42 in which two point
masses mu and mg are placed at wrist-pin and crank-pin points and the connecting rod is replaced by a
rigid link L. According to the preceding discussions, the crank angular acceleration is not influential in the
inertia force and torques of the components, therefore, inertia forces for the masses rotating with crank
angular acceleration are considered only in radial directions. These include the inertia forces, Fg
belonging to mass mg and F,cy belonging to mass mcy. The mass of the counter-weight can be selected
properly to balance the inertia force Fg and thus free the main bearing from the related loads. On the other
side, mp will move with piston and can be regarded as part of the piston mass. Therefore, the inertia force
Fp has the magnitude:

Fp.. mp maap 2:102

Now according to this simplified engine model all external forces will pass through point O, except Fyy, the
force acting on the cylinder wall. Therefore, the engine torque simply is:

Te ... Fwh 2:103
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Figure 2.42  Simplified engine model

in which h and Fyy are obtained from Equations 2.91 and 2.92 respectively. Finding the main bearing
forces for the simplified model is then straightforward and the results are:

Fex ... Fw 2:104

FBy .. Fp Fp 2:105

Example 2.3.4
Use the information given in Example 2.3.3 for the connecting rod:
(a) Calculate the exact dynamic equivalent system.

(b) Calculate masses ma and mg located at A and B and corresponding inertia I. As a percentage
how much larger is | than the actual value?

Solution

(a) The solution to this part can be obtained by using Equations 2.98-2.100. The results are:

0:0015
M. ——2% 440 . 313:9¢

P37 921
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37
me .. 37 91 440 ... 126:1g

(b) To find the answers for this part, Equations 2.95-2.97 must be used. The results for ma, mg
and | are:
37
..—— 440 ... 116:3¢;
ma 140 0 6:30;

mg ... 440 116:3 ... 323:7g
| ...mlalg ... 0:44 0:103 0:037 ... 0:0017 kgm?
The percentage that | is larger than Ic is:

I e 100“‘17 15

100 ... 13:3%
c

Example 2.3.5

Use the engine data of Example 2.3.3 together with a simplified engine model and plot the variation
of the following parameters with the crank angle variations during one full cycle:

(a) the forces acting on the piston;
(b) the engine torque compared with that of the exact model.

Solution

The MATLAB program of Example 2.3.3 can be modified in order to obtain the results of this
example. The changes are provided in Figure 2.43. The results of running this program will look
like those presented in Figures 2.44 and 2.45.

% Example 2.3.5 — Single cylinder engine torque (simplified model)

% Inputs: See Example 2.3.3
% Generate an evenly distributed data for pressure: See Example 2.3.3
% Piston pressure force: See Example 2.3.3

% Connecting rod point masses
mA=IB*mClI;

mB=mC-mA,

1A=I-IB;

IC=mC*IA*IB;

% Kinematics: See Example 2.3.3

% Piston and mA inertia force
FIP=-(mP+mA)*aP;

Figure 2.43 MATLAB program modifications for Example 2.3.5
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% Plot piston forces: See Example 2.3.3

% Engine torque

for i=1: 361
thetai=theta(i)*pi/180;
beta=asin(RI*sin(thetai));
h=R*cos(thetai)+I*cos(beta);
FW(i)=FPt(i)*tan(beta);
Te(i)=h*FW(i);

end

% Plot engine torque: See Example 2.3.3

Figure 2.43 (Continued)

The inertia force acting on the piston shown in Figure 2.44 has larger magnitudes compared to
those of Example 2.3.3 obviously due to addition of mx to the piston mass. The resultant force,

therefore, has lower amplitudes for this model.

The variation of engine torque in Figure 2.45 shows that the output of simplified model is
close to that of the exact model. It is worth noting that the engine average torque remains

unchanged.
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Figure 2.44 Forces acting on the piston for Example 2.3.5
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Figure 2.45 Engine torque of Example 2.3.5 compared to results of Example 2.3.3

Example 2.3.6

Use Ficw .. Fig of the simplified model to determine the main bearing force of the exact model
and compare the wall force F\, and main bearing force Fg of the two models for the engine data of
Example 2.3.3.

Solution

In Equations 2.87 and 2.88, F,c\ is needed in order that the components of Fz can be determined.
F\gisthe inertia force of the equivalent mass at point Bor Fig ... mBRog. In the program written for
the exact model, the calculation of F,g should be included and used to determine the main bearing
force components. The cylinder wall force F,, was already determined in the program for the
simple model and can be included in the last loop of Figure 2.43 for the exact model. The results
obtained in this way are plotted in Figures 2.46 and 2.47.

It can be seen that the differences in the wall forces are small but those of the main bearing forces
are considerable for the simplified and exact models. The average value of Fyy is exactly equal for
the two cases, but the average of main bearing force is different as indicated in Figure 2.47.
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2.3.4 The Flywheel

Since the pressure variation in the combustion chamber is speed dependent, each engine torque diagram is
obtained for a specific engine speed. The variation of engine torque with the crank angle was studied in the
previous section and typical diagrams were presented. On the other hand when the engine torque varies, it
will also cause the engine speed also to vary. This is contradictory to the first assumption that the torque
variation belongs to a specific (constant) engine speed. In this section, the objective is to clarify how a
flywheel can resolve this conflict.

Consider an engine output shaft that is attached to a flywheel with inertia I, (including inertia of
crankshaft and other related masses) and drives a load L (Figure 2.48). According to Newton’s Second
Law of Motion in rotation, the net torque on the rotating mass with speed o, causes it to accelerate with
acceleration a,:

Tet To..le@e .. le— 2:106

Assuming a constant load torque T, then in order to obtain a constant engine rotational speed, the
instantaneous engine torque T¢(t) must be equal to the load torque. This means that the engine must
produce a net torque that is not time-variant, contrary to what we found earlier that the engine torque was
varying with the crank angle. Therefore, according to Equation 2.106, the speed fluctuations will be
inevitable and the best one could do is to require an average engine speed with small fluctuations. The first
step is to put the average engine torque T,, equal to the load torque:

Ta . TL 2:107

By using the chain rule in differentiation, Equation 2.106 can be written in terms of the crank angle
variations:

Te Tav Ieo— 2:108
and can be integrated between two arbitrary points 1 and 2:

2

1
Te Tady..5le 05 o2 2:109
1

E@WO

Figure 2.48 Engine output shaft attached to a flywheel
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The right-hand side is the net kinetic energy of rotating inertia when its speed changes from 0, to 0,. The
left-hand side of the equation is the work done by the net external torque on the rotating mass from angle y;
to angle y,. The speeds 0, and 0O, correspond to the crank angles y, and y,. In other words the speed O;
occurs when the crank angle is y;.

From Equation 2.109, it is clear that when the net work from point 1 to point 2 is positive, the speed 0,
will be larger than speed 0, and vice versa. Of course it makes sense that the kinetic energy will increase
when the work done by the external torques is positive. This work according to Equation 2.109 is the area
under the T(y) curve relative to T,,. Graphically in the torque diagram of Figure 2.49, the shaded areas
above and below the average torque illustrate the positive and negative areas. On the left side of the
positive shaded area, the crank angle and speed are yg and Og and at the right side y; and 0 respectively.
Thus 0; >0gsince from yg to y; the area under the torque-angle diagram is positive. A similar explanation
results in 0, < 04, O3 = 0O, etC.

Among all individual speeds 0;, one will be the largest Opax and one the smallest Onin. It is
desirable to keep these two extreme speeds of the engine as close to each other as possible in order that
the speed fluctuations remain small. The ideal situation is to have Opax equal to O, and both equal to the
average engine speed O,,. A fluctuation index i can be defined to quantify the speed fluctuations of
an engine:

i OMax  Onmin 2:110
P Oay '
in which:
o Onmi
Oy - M 2:111

é _Positive/area
. .
6\ Negativeiarea Average torque
|

Engine torque

360 540 720
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Figure 2.49 Positive and negative areas in a typical engine torque diagram
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Table 2.7  Areas under the engine torque curve

1 2 3 4 k
Ai A A, Az A
SA Ay A A Ar A A
min SA Amin
Max SA Amax

A desirable design goal is to have small values for the dimensionless factor ir in order to ensure small
speed fluctuations relative to the average engine speed. If 0; and 0, in Equation 2.109 are replaced by
Onin and Opax respectively, the right-hand side of equation will convert to:

1 .
Sl Oax  ORin - IFle02, 2:112

The left-hand side of Equation 2.109 by this substitution is the net area under the engine torque curve
between crank angles Ymin and Yuax corresponding to speeds Onmin and Opax. Designating this net area by
A and using Equation 2.112, one simply finds:

*

A
le ... — 2:113
IFOg

which is an equation to estimate the flywheel inertia, provided that the area A and the fluctuation index i
are available. The latter should be chosen by experience and the former can be evaluated from the engine
torque diagram.

Suppose there are k individual areas under the engine torque-y curve. In order to determine the net area
A | firstthe crank angles ymin and yuax should be found. Let us construct a table like Table 2.7 in which the
individual areas are recorded in the second row. In the third row cumulative sum of areas up to that point is
recorded. Since some of the areas are positive and some negative, one of the cells in SA row will have the
minimum value and one the maximum value.

The cells with the minimum and maximum cumulative areas Anyin and Ayax have Ymin and Yyax
points respectively. The net area under the curve between the minimum and maximum speed points
simply is:

A" Avax  Amin 2:114

It is important to note that when the engine is connected to the vehicle driveline, the inertia resulting from
the rotating masses and vehicle mass itself (see Section 3.9) is greater than that needed to keep the engine
speed regular. In fact, the flywheel is a device that consumes energy to accelerate together with the engine
and this energy is wasted in many circumstances, especially when the vehicle stops. Therefore, the best
solution is to keep the flywheel as small as possible.

Example 2.3.7

Anengine has atorque-y diagram shown in Figure 2.50 at 3000 rpm. Design a flywheel in order that
the maximum fluctuation in engine speed is 2% of its average speed.
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Figure 2.50 Engine torque curve of Example 2.3.7
Solution

Data from Figure 2.50 is inserted in Table 2.7 and the results are summarized in Table 2.8.
According to the SA values, 0, is the maximum speed and Og is the minimum speed. A
can therefore be calculated from Equation 2.114 and the result is A” ... 312:2. From the
given information, the maximum fluctuation in speed is 2% relative to the average
speed. Thus the fluctuation index is 0.02 and from Equation 2.113, the flywheel inertia can
be calculated:

312:2
0:02 3000 p=30°2

... 0:158 kgm?

le ...

Table 2.8 Areas under the engine torque curve of Example 2.3.7

Item 1 2 3 4 5 6
A; (Joule) 312.2 125.3 62.4 117.8 50.5 182
SA (Joule) 312.2 186.9 249.3 1315 182 0
min SA Anmin

Max SA Amax
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2.4 Multi-cylinder Engines

In practice, almost all automotive applications use multi-cylinder engines; single cylinder engines are
extremely rare but may still be found in low duty earthmoving vehicles. A multi-cylinder engine is a
combination of several single cylinder engines that share a single crankshaft. Different crank arrange-
ments and firing orders are possible for multi-cylinder engines and these have important effects on the
overall smoothness of power delivery.

2.4.1 Firing Order

Inamulti-cylinder engine there must be a sequence in which the power stroke of each cylinder takes place,
one after another. The power stroke always follows the compression stroke and thus the layout of
crankshaft plays an important role in designating the power or firing order in an engine. Firing order
also depends on the number of cylinders and by increasing this number, the choices for the firing order
also increase.

In order to determine the firing order in an engine, it is necessary to first specify the crank layout and
define the state of each cylinder relative to the state of cylinder 1. It is convenient to assume the first
cylinder is in the combustion stroke and from the relative crank angles of the multiple cylinders, the
state of each cylinder can be specified. When the cylinder 1 advances to the next stroke (exhaust), one of
the cylinders that was in its compression stroke previously must fire at this stage. This sequence will
continue until the first cylinder’s turn starts over again.

This process can be illustrated graphically by specifying the foregoing information for a four-cylinder,
four-stroke in-line engine in a chart format as shown in Figure 2.51. First the crankshaft layout is drawn
vertically on the left side with the number of cylinders shown next to each crank. In front of each crank,
four boxes are drawn on the right side indicating the successive strokes of each cylinder. For instance,
cylinder 1 starts with power stroke and follows by exhaust, intake and compression strokes. Moving to
cylinder 2, one must decide whether it is in exhaust or in compression stroke, since both cylinders 2 and 3
are in the same state and thus either can be in exhaust or compression. Selecting the exhaust for cylinder 2
will stipulate the states of the other cylinders as indicated in Figure 2.51. In fact, inside each row the stroke
order for each cylinder is specified and in each column the relative state of all cylinders is denoted. Once
the first left column is specified, the contents of each row are known by the permutation of strokes in each

Firing order

10 91e]S BANE|9Y

N0Ae] yueID

>

180 = 180

>
>

Stroke order

Figure 2.51 Chart for determination of firing order
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Figure 2.52 Symmetry of power strokes for both firing orders

cylinder. On construction of the chart, the firing order can then be specified by taking the number of
cylinders in each column that are in power stroke (from left to right). For instance, the engine of
Figure 2.51 has a firing order of 1-3-4-2.

It was possible to select the compression stroke for the 2nd cylinder after cylinder 1. In that case the
second and third rows would be swapped over and the firing order would become 1-2-4-3. The choice
between these two options must be made according to other criteria since, as far as the engine operation is
concerned, both choices are acceptable.

Other factors in choosing the firing orders are torsional loads on the crankshaft and uniform charge and
discharge of intake and exhaust gases insides manifolds. For a four-cylinder inline engine, these factors
are similar for both choices of firing order. Figure 2.52 illustrates how the two cases have symmetrical
circulation of power strokes among the cylinders.

Example 2.4.1

Consider a two-cylinder, four-stroke engine with a crankshaft arrangement shown in Figure 2.53.
Analyze the firing order of the engine by constructing the chart of Figure 2.51.

Figure 2.53 Crankshaft layout of two-cylinder engine

Solution

According to the chart of Figure 2.51, the firing order of the two-cylinder engine can simply be
considered as the two upper rows as shown in Figure 2.54a. Thus the firing of cylinder 2 will take
place after one and half complete revolutions (540 degrees) of the crankshaft behind the cylinder 1.
Alternatively, one could assume that cylinder 2 is at the compression stage rather than the exhaust
state when cylinder 1 is at ignition. This situation is illustrated in Figure 2.54b.
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Figure 2.54 Firing order charts of a two-cylinder engine

In the previous examples, the crank angles were all multiples of 180 degrees, however, in several types of
engines the crank angles are different. For example, a six-cylinder inline engine has crank angles for
different cylinders as multiples of 120 degrees. In such a case, the procedure for developing the firing
order is similar to that explained earlier; nevertheless care must be taken in the construction of the crank
layout and stroke shifts. Crank angles can be specified in the chart for each individual cylinder. We did this
previously by writing the crank angle below each crank. The stroke shifts were all 180 degrees for flat
crankshafts; for other types such as inline six-cylinder crankshaft the stroke shifts are multiples of 120
degrees. Let us construct the firing order chart for this six-cylinder engine. The crank layout is 0-240-120-
120-240-0 and in order to make the layout clearer in the chart, a side view of crankshaft will be useful.
Figure 2.55 shows this type of presentation. Starting from cylinder 1 as usual, the top row can easily be
constructed. For cylinder 2, we note that according to the crank layout it has a 120 degree lag relative to
cylinder 1, so the stroke order for this cylinder must be shifted accordingly. The stroke order can begin
either from intake or from combustion, thus leaving two possibilities for the firing order (in Figure 2.55,
the intake stroke is chosen). Cylinder 3 has a 240 degree lag relative to cylinder 1 and to construct the
stroke order for this case, the excess over 180 degree (i.e. 60 degrees) is taken for the starting stroke. The
stroke order can begin either from combustion or exhaust; here the former is considered. The processes
for remaining cylinders are similar to those explained for cylinders 2 and 3.

As Figure 2.55 illustrates, the firing order for this engine is 1-5-3-6—2-4. However, if other choices for
the stroke orders of cylinders 2 and 3 were considered, alternative firing orders could also be achieved.
Other possibilities are: 1-6-5-4-3-2, 1-2-3-4-5-6, 1-4-2-5-3-6 and 1-4-5-2-3-6.

2.4.2 Engine Torque

Successive firings cause a continuous torque delivery to the crankshaft output. Since the torque generated
by every individual cylinder is dependent on the crank angle, the resultant engine torque is a combination
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Figure 2.55 Firing order chart for a six-cylinder inline engine

of all individual torques from all cylinders. In order to evaluate the net engine torque, information on the
firing order must be available.

Letus assume all cylinders have identical pressure-crank angle profiles, otherwise the engine torque for
each cylinder would be different. The torque variation of a single cylinder was obtained for its own crank
angle variations. In order to add up the torques of all cylinders, they must be represented relative to a single
reference. It is common to take the crank angle of the first cylinder as a reference for all cylinders.
Therefore, the crank angle of each cylinder can be written in terms of the crank angle of first cylinder y;:

Yi Y1 Dai 2:115

where Dg; is the crank angle of ith cylinder relative to the crank of cylinder 1. In order to write the torque of
each individual cylinder in a form that can be added to the other torques, it is also necessary to express the
cylinder pressure according to the correct state of that cylinder. If the pressure of cylinder 1 is denoted by
P y; then pressure for other cylinders can be written in the form:

Pi..Py1 Ds 2:116

in which the state angle Ds; is the angle of rotation of the crankshaft for the current state of the ith cylinder.
Or simply for the states of combustion, exhaust, intake or compression, Ds; will be 0 , 180 , 360 and
540 respectively.

Once the correction angles D¢ and Ds; for all cylinders are obtained, the engine torque can be
determined simply by adding up all individual torques of n cylinders in the following form:

x
Te ... Tiy1;Dci; Dsi 2:117
il

In an alternative approach, ‘shift-sum’ processes can be used to add up the torques of individual cylinders
to obtain the overall torque variation of a multi-cylinder engine. A torque diagram for a single cylinder
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Figure 2.56 Torque variations in different strokes

engine can be divided into four sections according to the engine strokes (see Figure 2.56). The torque
variation for cylinder 1 of a multi-cylinder engine is taken as the basis for all engine cylinders. Thus the
permutation of torque segments for this cylinder according to Figure 2.56 simply isT; T, Tz Ta.
The torque variation of other cylinders can be obtained according to their state angle. In order to
construct the torque variation of another cylinder with state angle of Dsg;, the base torque diagram should
be shifted backwards by the amount of Ds;. Whatever falls off on the left end moves to the right end of
the resulting diagram. For instance, if cylinder i has Dg; ... p, the torque permutation for this cylinder will
be T, T3 T4 Ti. Once the torque variation of each cylinder is obtained, the summation of all
torques will result in the total engine torque.

Example 2.4.2

Consider the two-cylinder engine of Example 2.4.1 and assume that the pressure distribution
given in Example 2.3.3 is also applicable to this engine. The engine dimensions are considered
to be identical to those of Example 2.3.3 except the piston area which has to be determined
assuming equal displacements for both engines. Use the firing order of Figure 2.54b.

(a) Calculate the correction angles D¢ and Ds; for cylinder 2.

(b) Write a MATLAB program to obtain the overall engine torque according to simplified engine
model and plot the variation of engine torque at 3000 rpm.

(c) Plot the variation of forces acting on the pistons.

Solution

(a) According to crankshaft layout of Figure 2.53, D¢; is 180 (or p). Dsi from an analysis of
Figure 2.54b is 3 180 (or 3p) since cylinder 2 starts from compression.
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(b) For the simplified engine model the overall engine torque for a two-cylinder engine can be
written as:

=
Te.. Fuwhi
i1
in which:

Fu ...

Fe,

F|Pi tanbi
hi ... Rcosy; lcosb;

Since the engine displacement is meant to be equal to previous single cylinder engine of
Example 2.3.5, the piston area should be halved.

AMATLAB programimplementing above procedure is listed in Figure 2.57. Engine torque output
is depicted in Figure 2.58. It is seen that the torques of both cylinders are similar but with a shift.

% Example 2.4.2 - Two cylinder engine torque (simplified model)

% Multicylinder information

N=2; % Number of cylinders

DC=[0 pi]; % Crank angles of cylinders
DF=[0 3*pi]; % State angle of cylinders
Tet=zeros(1,361); % Overall engine torque vector

% Inputs: (See Example 2.3.3)
Ap=5800/N; % Pistonarea  mm2

% Connecting rod point masses (See Example 2.3.5)

omega=3000; %Engine speed (rpm)
omeg=omega*pi/30;
RI=R/I;
for j=1:N
for i=1: 361
ang=(2*(i-1)*pi/180+DC(j)); % Crank angle
sa=sin(ang); ca=cos(ang); % define

s2a=sin(2*ang); c2a=cos(2*ang); % define
beta=asin(RI*sa);
ka=ca+RI*c2a/cos(beta)+RI"3*s2a"2/cos(beta)"3/4;
aP(i)=R*ka*omeg”"2; % Piston acceleration

% Piston pressure force

n=i+DF(j)*360/4/pi; % n: Variable to shift pressure
if n>=361 n=n-360; end
Fp(j,i)=p(n)*Ap/10; % Shift pressure

FIP(j,i)=-(mP+mA)*aP(i); % Piston and mA inertia force
FPt(j,i)=Fp(j,i)+FIP(j,i); % Resultant force

% Engine torque

h=R*ca+I*cos(beta);

FW(j,i)=FPt(j,i)*tan(beta);

Te(j,i)=h*FW(j,i);

end

Tet=Tet+Te(j,:); % Torque sum

end

Teav=mean(Tet)*ones(1,361); % Average torque

% Plot outputs:

Figure 2.57 MATLAB program listing for Example 2.4.2
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(c) The variation of piston forces of both cylinders is plotted in Figure 2.59. Piston forces
are also similar for both cylinders and are generated according to the firing order of each cylinder.




Power Generation Characteristics of Internal Combustion Engines

77

Example 2.4.3

assume the same engine displacement:

For a four-cylinder engine with 1-3-4-2 firing order, use the information of Example 2.4.2 and

(a) Plot the variation of engine torque versus the angle of rotation of first crank at 3000 rpm.
(b) Estimate the flywheel inertia for the engine for a 2% fluctuation.

Solution

(a) According to the firing chart of a four-cylinder engine with 1-3-4-2 firing order (Figure 2.51),
the states of all cylinders are “fire’, ‘exhaust’, ‘compression” and ‘intake’ respectively. Thus the
state angles of cylinders are 0 , 180 , 540 and 360 . A sample MATLAB program given in
Figure 2.60 solves the problem by ‘shift and sum’ method. The output is shown in Figure 2.61.

(b) The torque variation of (a) consists of 8 total loops, 4 positive and 4 negative. Since all the
positive loops are identical and all the negative loops are also equal, this means that one positive loop

% “shift-sum” method

% Multicylider information

% Inputs: (See Example 2.3.3)
Ap=5800/N; % Piston area
% Connecting rod point masses (See Example 2.3.5)

omega=3000; %Engine speed (rpm)

omeg=omega*pi/30;

RI=R/I;

% Single cylinder engine base torque

fori=1: 361
ang=2*(i-1)*pi/180; % Crank angle
sa=sin(ang); ca=cos(ang); % define
s2a=sin(2*ang); c2a=cos(2*ang); % define
beta=asin(RI*sa);
ka=ca+RI*c2a/cos(beta)+RI"3*s2a"2/cos(beta)"3/4;
aP(i)=R*ka*omeg"2; % Piston acceleration
Fp(i)=p(i)*Ap/10; % Piston pressure force
FIP(i)=-(mP+mA)*aP(i); % Piston and mA inertia force

% Engine torque
h=R*ca+I*cos(beta);
FW(i)=FPt(i)*tan(beta);
Te(i)=h*FW(i);

end

% Example 2.4.3 — Four cylinder engine torque (simplified model),

N=4; % Number of cylinders
DF=[0 pi 3*pi 2*pi]; % State angle of cylinders
Tet=zeros(1,361); % Overall engine torque vector

FPt(i)=Fp(i)+FIP(i); % Resultant force

Figure 2.60 MATLAB program listing for Example 2.4.3
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for j=1:N % Torque summation loop
for i=1: 361 % Shifting loop
n=i+(DF(j)*360/4/pi);
if n>=361 n=n-360; end
Tei(i)=Te(n);
end
Tet=Tet+Tei;
end
Teav=mean(Tet)*ones(1,361); % Average torque
plot (theta, Tet)
hold on
plot(theta, Teav)
grid
xlabel(‘First cylinder crank angle (deg)’)
ylabel('Total engine torque (Nm)')

Figure 2.60 (Continued)
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Figure 2.61 The torque output of four-cylinder engine of Example 2.4.3

areaequalstoone negative loop area. Therefore each one of the areas in the torque diagram isequal to
A of Equation 2.113. An approximate value for each area is 160 Nm, so:

*

A 160
iFO2, 7 0:02 3000 p=30°"

. 0:08 kgm?

e e

Comparing this value with that found for the single cylinder engine, it is observed that for
an identical average engine torque, a smaller flywheel is necessary as the engine torque becomes
more regular.
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2.4.3 Quasi-Steady Engine Torque

The average engine torque is the mean value of the torque fluctuations during one complete engine cycle
that can be considered at any arbitrary steady engine speed. It was, however, seen that the engine speed
also had an unsteady nature and fluctuated around an average value. In practice, the average speed of
the engine is treated as its steady speed. Strictly speaking, however, it can be considered as a quasi-steady
speed. Hence, the average engine torque associated with its quasi-steady speed will be its quasi-
steady torque.

The mean value of the engine torque at a specified speed was evaluated in the foregoing examples
simply by averaging the values of torque at different crank angles. That process required the availability of
the pressure variations of the cylinder(s) with the crank angle at the specified speed, as well as the dynamic
properties of the engine elements. If only the quasi-steady engine torque is required, instead of using the
pressure distribution at a specified speed, an alternative way is to work with the brake mean effective
pressure pyme (Or bemp) which is similar to the indicative mean effective pressure pime defined in
Section 2.2.3. In fact ppme is related to the real (measured) engine output work whereas pime is related to the
indicated work calculated from the standard engine cycles.

The work done by the pressure force in the ith cylinder of an engine during one revolution of the
crankshaft is:

2
Wi ... gpbmeApL 2:118

in which Ap and L are the piston area and stroke length respectively, and s is the number of strokes in the
full cycle of engine operation (for a two-stroke engine, s is 2 and for a four-stroke engine, it is 4). At the
engine speed of n (rpm), the engine power (work per second) for the ith cylinder is:

n
Pi ... pomeApL 30s 2:119

For an N cylinder engine, the engine power simply is:

nN
Pe pbmeAPL ﬁ 2120

Engine displacement V. is defined as the total volume swept by all pistons:
Ve ... NApL 2:121

The engine power, therefore, can be written as:

n
Pe ... pbmeve ﬁ 2:122

The engine power at the same time can be expressed in terms of the average engine torque Tg:

Pe ... %Tav n 2:123
Combining Equations 2.122 and 2.123 leads to:
Ve
Tay .. — 2:124
av ps Pbme

This equation indicates a direct relationship between the engine average torque and mean effective
pressure at a given engine speed.
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Example 2.4.4

For the engine of Example 2.3.3, determine the mean effective pressure and compare it with the
average of pressure values during a cycle.

Solution

The stroke length and engine volume are:

L..R 1..189mm

Ve .. ApL..5800 10 ® 189 10 ®..0:0011m®

The engine is four-stroke and from Example 2.3.3 the average torque was 37.8, using Equation 87
the Ppme iS:

ps 4p

PSSP 378 a31:826P
Ve & 0:0011 neeora

Pome ..

The average pressure distribution during a cycle is found by command ‘mean(p)’ and the result is
4.10 MPa which is almost ten times larger than ppme calculated above.

2.5 Engine Torque Maps

The foregoing discussions in Sections 2.3 and 2.4 were all focused on determination of the engine torque
at certain speeds for single cylinder and multi-cylinder engines. In practice, engines work at an infinite
number of different conditions depending on the input and output parameters. Each working condition of
an engine corresponds to a torque and a speed (and hence power).

In the vehicle powertrain analysis process, the engine characteristics contain critical input information
and hence inaccurate information for engine performance will result in unrealistic vehicle behaviour
outputs. Hence, for a complete vehicle performance analysis, a full range of engine working conditions is
necessary. Such information must be collected either from analytical engine models that solve the
mathematical equations related to the engine fluid flow, combustion and dynamics, or from experiments.
Due to the complexity of the full engine operation modelling, and the lack of fully developed technical
software, the main trend so far has been to conduct experimental data collection for the engine
performance using dynamometers.

2.5.1 Engine Dynamometers

A dynamometer, in general, is a device for measuring the power of a rotating source by simultaneously
measuring its output torque and rotational speed. Dynamometers are of two general types, namely
absorption (or passive) and driving (or active) dynamometers. The first category of dynamometers is used
as loading devices for power generating machines such as engines. The second types of dynamometers are
used to rotate machines such as pumps. A dynamometer can be designed to either drive a machine or to
absorb power from a machine and is called a universal dynamometer.
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Figure 2.62 Schematic of an engine dynamometer set-up

A dynamometer applies variable braking loads on the engine and measures its ability to change or hold
the speed accordingly. The main role of a dynamometer is to collect speed and torque measurements, but
they can also be used in engine development activities such as combustion behaviour analysis, engine
calibrations and simulated road loadings. Apart from engine dynamometers that are used for testing the
engine and its components, the full vehicle powertrain can also be tested by using a chassis dynamometer
that applies road loads to the driving wheels.

An engine dynamometer acts as a variable load that must be driven by the engine and it must be able to
operate at any speed and any level of torque that engine can produce. The main task of a dynamometer is
to absorb the power developed by the engine in the form of heat and dissipate it to the atmosphere or possibly
convert the power to electrical energy. An engine dynamometer set-up is schematically shown in Figure 2.62.

A laboratory dynamometer requires measuring devices for the operating torque and speed. Dynam-
ometers also need control systems in order to maintain a steady operating condition suitable for
measurements. They can be controlled based on load speed or load torque. Dynamometers having
torque regulators operate at a set torque and the engine operates at the full range of speeds it can attain
while developing that specified torque. Conversely dynamometers with speed regulators develop a full
range of load torques and force the engine to operate at the regulated speed. In addition, engine tests
require standard or regulated atmospheric conditions. For this purpose dynamometers are equipped with
peripheral air quality control systems.

Load torques can be produced by different means of energy absorption systems and this concept is the
basis for the development of different types of dynamometers. Some dynamometers have absorber/driver
units that can produce both load and driving torques. Figure 2.63 lists several types of dynamometers.

Eddy current (EC) dynamometers are currently the most popular type used in modern dynamometers.
The EC absorbers provide quick load change rates for rapid load settling. Eddy current dynamometers use
vehicle brake type cast-iron discs and use variable electromagnets to change the strength of the magnetic
field to control the amount of braking torque. EC systems also allow controlled acceleration rates in
addition to steady state conditions.

The power calculation from a dynamometer must be carried out indirectly from torque and angular
velocity measurements. Measurement of the load torque can be achieved in several mechanical or
electrical ways. In a purely mechanical way, the dynamometer housing is restrained by a torque arm that
prevents it from rotating. The internal reaction torque exerted on the housing is borne by the torque arm
and this torque can be determined by measuring the force exerted by the housing on the arm and
multiplying it by the arm length from the centreline of the dynamometer. A load cell transducer can
provide an electrical signal scaled in such a way that it is directly proportional to the load torque.
Alternatively a torque-sensing coupling or torque transducer producing an electrical signal proportional
to the load torque can be used.

Speed measurement is a simpler task and a wide selection of tachometer equipment with an electrical
signal output proportional to speed is available for this purpose. Once the load torque and rotational speed
signals have been obtained and transmitted to the data acquisition system of the dynamometer, the engine
output power can simply be determined by multiplying the two quantities (in proper units).
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Figure 2.63 Different types of dynamometers

In steady state tests, the engine is held at a specified rotational speed (within an allowed tolerance) by
the application of variable brake loading and the necessary applied torque is measured. The engine is
generally tested from idle to its maximum achievable speed and the output is the engine torque-speed
graph. If the rated power of engine is required, then correction factors also have to be calculated and
multiplied by the measured power (see Section 2.5.3). Sweep tests are performed by the application of a
certain load torque while the engine is allowed to speed up continuously. The rate of engine acceleration is
an indication of the engine power output during the test under the applied load and attached inertia.
A modern engine dynamometer facility is shown in Figure 2.64 and a typical engine test report looks like
that shown in Table 2.9.

2.5.2 Chassis Dynamometers

An engine dynamometer measures speed and torque directly from the engine’s crankshaft or flywheel
on atest bed. The power losses in the drivetrain from the gearbox to the wheels are not accounted for in
such tests. A chassis dynamometer is a device that measures power delivered to the driving wheels
through the vehicle driveline and thus the effective vehicle power is measured. The vehicle is positioned
on the dynamometer and the driving wheels are positioned on the surface of drive roller(s) which apply
resistive loads on the vehicle driving tyres. In order to eliminate the potential wheel slippage on the
drive rollers, some types of chassis dynamometers are attached directly to the wheel hub and apply the
load torque directly.

Owing to frictional and mechanical losses of the drivetrain components, the measured wheel brake
horsepower in general is considerably lower than the brake horsepower measured at the crankshaft or
flywheel on an engine dynamometer. Typical figures for the overall driveline efficiency — including
gearbox, differential gears and driveline friction losses —may be around 87-91% for manual transmissions
and as low as 80% for automatic transmissions. However, these figures must be treated only as guidelines,
since the actual efficiencies in practice depend on the driving cycle. For example, the losses in the torque
converter of an automatic transmission are rather high for stop-start driving, but they reduce dramatically
when the torque converter is locked for highway cruising.
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Figure 2.64 Engine dynamometer at Automotive Research Centre of IUST

However, the test conditions are very important and environmental changes can also have a great
influence on the results. In addition to the driveline losses, other resistive loads such as rolling
resistance, aerodynamic and slope (see Chapter 3) are also present during the vehicle motion on the
road. One of the important uses of the chassis dynamometers in addition to measuring speed, torque and
vehicle’s effective power, is to determine vehicle fuel consumption (see Chapter 5) and emissions. To
this end, dynamometers have to simulate and apply the associated road loads to the driving wheels.
Dynamometers are also used to measure and compare the power flow at different points on a vehicle
driveline. This is used is for the development and modification of the vehicle driveline components,
usually at vehicle research centres.

2.5.3 Engine Torque-Speed Characteristics

From the point of view of overall powertrain analysis, the actions and interactions inside the engine are
not essential. The important issue is how the engine produces shaft output power to be used for vehicle
motion. Engine torque-speed characteristics demonstrate the output performance suitable for power-
train analysis use. Full throttle engine torque-speed maps provide some useful information regarding
engine performance, but the part-throttle maps are necessary for the full performance analysis of
vehicle motion.

2.5.3.1 Full Throttle Maps

Full throttle or full load or wide-open-throttle (WOT) maps are indications of the engine’s peak power
performance. Maximum engine torque and power can be obtained in this type of maps. A typical full
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throttle map for a spark ignition engine was already shown in Figure 2.15. A similar map for acompression
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Pm Maximum engine power.

Pr Power at point of engine maximum torque.
Tm Maximum engine torque.

Tp Torque at point of engine maximum power.
Np Engine speed at engine maximum power.
nt Engine speed at engine maximum torque.

Engine torque flexibility Fr and speed flexibility F, are defined by:

Tm
Fr..— 2:125

T o
Fo . P 2:126

nr

The engine flexibility Fe is defined as the product of the two terms above:
TmnP .

Fe .. FrFn .. Tonr 2:127

Good flexibility means that maximum torque occurs at lower speeds. In general, diesel engines
work at lower speeds compared to petrol engines at similar powers. It means that they produce higher
torques at lower speeds. The naturally aspired diesel engines have the characteristics that can be
interpreted as high engine flexibility. It is argued that higher engine flexibility will result in less frequent
shifting [5].

The following example is designed in such a way that a better understanding is obtained regarding
engine flexibility.

Example 2.5.1

Three engines have been designed with equal maximum torque of 150 Nm. The general torque
speed relations of all engines are of the basic form:

Te..120 a0, 1000 b o, 1000 2

in which engine speed O is in rpm and coefficients a and b are two constants given in Table 2.10.
The maximum working speed of all engines is 6000 rpm.

Table 2.10 Coefficient a and b for Example 2.5.1

Engine 1 2 3
a 0.030 0.020 0.015
b 750 10 © 3.333 10 °© 1.875 10 °

(a) Plot the variation of engine torque and power versus speed from 1000 to the top speed.
(b) Obtain engine flexibilities and compare the results in a tabular format.
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Solution

(a) The variation of the engines’ torque and power with speed can easily be obtained. The results
are plotted in Figure 2.67. It can be seen that the maximum torques for the engines occur at 3000,
4000 and 5000 rpm respectively.
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Figure 2.67 Engine performances for Example 2.5.1

(b) All the required quantities can be read from Figure 2.67 and the results are summarized in
Table 2.11.

Table 2.11  Flexibility parameters for Example 2.5.1

Engine Tm Te nr np Fr F, Fe

1 150 127 3000 4760 1.183 1.59 1.88
2 150 137 4000 6000 1.095 1.50 1.64
3 150 144 5000 6000 1.042 1.20 1.25

The results simply indicate that engine 1 has higher flexibility. From Figure 2.67, too, it is clear that
engine 1 has larger torques at lower speeds compared to the two other engines. On the other hand,
the output powers for all engines have no significant differences at these low speeds. Therefore,
engine 1 can produce higher tractive forces at similar outputs and is preferred at low speeds.

However, engine 1 has lower power compared to the two other engines at higher speeds and will
produce lower top speeds for the vehicle.
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In this example, only the issue of engine flexibility is studied. Later, the effect of gear ratios on the overall
vehicle working condition will be included in other chapters.

2.5.3.2 Part Throttle Maps

Full throttle operation is only a small part of the engine operation during normal vehicle motions. In other
words, the full throttle maps are only the upper boundary of the engine performance area. Therefore, the
full throttle information has only limited value in powertrain analysis. Throttling has different meaningsin
spark ignition and compression ignition engines. In SI engines there is a butterfly valve-type restriction
in the air inlet of the engine (see Figure 2.68) that controls the amount of air input into the manifold.
Diesel engines do not have such restrictions and the throttling effect is done by controlling the injection of
fuel according to the demands of the driver when the accelerator pedal is depressed.

The definition of throttle opening is not clear and is sometimes misleading. The reason is explained by
differentiating between the accelerator pedal displacement, the throttle butterfly valve rotation and the
ratio of opening area to full area of the inlet pipe. When the accelerator pedal is depressed, usually a
cable (wire) is pulled and the throttle valve is turned (Figure 2.69). When the pedal is released, the spring
force returns the throttle to the closed position.

According to the schematic illustration of Figure 2.69, the quantities ‘pedal rotation angle’ yp, ‘throttle
valve rotation angle’ y, and ‘throttle opening ratio’ r (the ratio of opening area to the full bore cross-
sectional area) are related as follows:

y ... Kryp 2:128
COoS
A y 2:129
COSYo
y
— Fully , ——
- > closed - 5
- > E—
Partially zuyg
open P
Em—— E—

For Idle

Figure 2.68 Sl engine throttling
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Figure 2.69 From pedal displacement to throttle rotation



Power Generation Characteristics of Internal Combustion Engines 89

100

80

D
o

/

IN
o

Throttle opening (%)

20

0 20 40 60 80 100
Throttle input (%)

Figure 2.70 Throttle opening versus throttle input

where kg is a constant and yq is the initial value of the throttle angle at closed position. The
approximation sign of Equation 2.129 is for the effect on the throttle shaft diameter at large throttle
angles. Equation 2.128 indicates that the throttle angle is proportional to the accelerator pedal angle
(unless the mechanism used was non-linear). Therefore the driver’s feeling of depressing the pedal is
effectively transferred to the engine throttle. The throttle opening of Equation 2.129, however, shows a
non-linear relation with the throttle angle (or pedal angle). As seen in Figure 2.70 for a 5-degree yo, the
variation of throttle opening is highly non-linear at low pedal inputs. In order to have a similar
definition for Sl and CI engines when discussing part throttle curves, it is better to use the accelerator
pedal displacement (or rotation) since no throttle valve is available for ClI engines (the throttle is
always fully open).

In Sl engines the variation of engine torque with speed at different throttles is different due to different
mass flow rates into the engine. In Cl engines the mass of fuel injected is proportional to the pedal input
which varies with the resulting engine torque. The part load performances of engines are measured on
engine dynamometers during special procedures. The result is sometimes illustrated by a three-
dimensional map with axes being engine torque, speed and throttle respectively. A typical map of this
type is shown in Figure 2.71 based on engine dynamometer test results.

A more useful representation of the part throttle engine map, however, is in two dimensions. If a left
view of the 3D picture is taken, in the torque-rpm plane a series of curves for different throttle values will
be present. Such a plot is depicted in Figure 2.72 for the same engine.

At idle speed (0% throttle) only one operating point will exist on the map. With increasing
throttle, the operating points will increase across the speed and torque axes. Part throttle maps are
shown at specific throttle values. For working points in between, interpolation of two adjacent
points can be used. For interpolation purposes it is often easier to use look-up tables instead
of maps.
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Example 2.5.2

For the engine with the part throttle plot of Figure 2.72, calculate the torque at 57% throttle and

4200 rpm.
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Solution

From Figure 2.72 the values given in Table 2.12 can be read. Now by three linear inter-
polations the torque can be calculated. At 4000 and 57% the torque is 77.6. At 5000 and 57%
it is 60.3. At 4200rpm and 57% throttle, the interpolation result between 77.6 and 60.3 is
74.14Nm.

Table 2.12 Engine torques (Nm)

speed (rpm) throttle (%) 50 60
4000 58 86
5000 40 69

2.6 Magic Torque (MT) Formula for Engine Torque

As discussed earlier, the torque-speed characteristics of an engine over the full range of operation are
usually expressed with part throttle look-up tables or maps and are used in powertrain analysis work to
obtain the full range of engine operation outputs. The midpoints between available data in look-up tables
are obtained by linear interpolations.

The availability of a universal formula for engine torque-speed-throttle dependency could provide
several benefits for researchers by simplifying the processes as well as providing a mathematical
relationship that can be utilized in many ways in the analyses. Research work was carried out at
the Department of Automotive Engineering, IUST in Tehran, in order to discover the part throttle
behaviour of Sl engines. Three engines were fully tested on engine dynamometers and part throttle
data were recorded. The data were then analyzed in order to determine whether a similar torque-
speed property could be obtained for the tested engines. This work led to a universal mathematical
relationship for the torque-speed characteristics of Sl engines which was verified by the available
test results.

2.6.1 Converting Part Throttle Curves

As may be seen from Figures 2.71 and 2.72, the part throttle curves do not follow a single rule. Part
throttle plots of other engines also showed a similar trend. In order to explore the inherent characteristics
of the torque-speed data, different representations were examined. The plot of a two-dimensional part
throttle look-up table can be prepared in three different ways: (1) the torque-speed variations at different
throttles, which is a popular form frequently used; (2) torque-throttle variation at different speeds; and
(3) throttle-speed variations at different torques. When the latter plots were generated for all engines,
although a better correlation was observed among the curves, it was not possible to identify a uniform
trend. The variation of torque-throttle at different speeds, however, showed a good uniform trend for all
engines. The result for one of the engines is given in Figure 2.73.

This result of course is explicable in that the torque increases with increasing the throttle at a specified
speed, because increasing the throttle opening will increase the fuel-air mixture input rate and in turn
the resulting torque. The consistent behaviour of the engines in the torque-throttle map allows the
examination of different functions for the description of this relationship. Regression methods were
applied to the problem and a universal equation for the Sl engines named the MT (Magic Torque) formula
was developed. (It also stands for Mashadi-Tajalli because of their contribution.)
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Figure 2.73 Part throttle plot at different speeds

2.6.2 The MT Formula

The MT formula has the following basic form:

TrL O

Toy ..
11 exp A By

2:130

inwhich Tg.. o isthe full load or wide-open-throttle (WOT) engine torque-speed curve and coefficients
A, B, C and D are four constants for a specific engine and can be determined from part load tests.
Coefficients can be obtained in such a way that the torque, speed and throttle are in Nm, rpm and %
respectively.

Example 2.6.1

For a V8 engine the coefficients of the MT formula are given in Table 2.13 and the full load torque
versus speed data is given in Table 2.14 for intervals of 250 rpm.

Table 2.13 Coefficients of MT formula for an eight-cylinder engine

Coefficient A B C D

Value 10.07 0.1348 2.083 1.363

Table 2.14 Engine full throttle data

Speed (rpm) Torque (Nm)

750-3250 115 128 140 145 149 152 154 158 163 167 170
3500-6000 172 173 175 181 188 190 188 188 186 183 178
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(a) Plot the variation of torque versus speed at throttles of 20, 30, 40, 60 and 100%.
(b) Plot the variation of torque versus throttle at speeds of 2000 to 6000.

Solution
A MATLAB program may be written to generate the two plots. Results are shown in Figure 2.74.

200 200
150
150
B B
=3 £
® o 100
=} =}
<) <)
[ =
100
50
1
1
1
1
|
1
50 0 '
0 2000 4000 6000 0 50 100
Speed (rpm) Throttle (%)
(@) (b)

Figure 2.74 Part throttle plots at different throttles (a); and speeds (b)

2.6.3 Interpretation

Each of the coefficients A, B, C and D in the MT formula has an influence on the output torque variation of
the formula. In this section a brief explanation will be presented for the role of the coefficients. The first
point to note is that the MT formula can be written as:

Toyy ..kojy TgL O 2:131

in which k 0;y is a correction factor that is always smaller than unity and Tg.. O is the WOT curve
of the engine. In other words, the part throttle values in an engine are shaped from its full throttle
curve. Approaching full throttle curve at large throttle inputs can be examined in Equation 2.130
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by observing:
limys00exp A By 0 2:132

Therefore all of the coefficients are influential only at part throttle, and at full throttle the MT formula will
generate the WOT curve. The influence of each factor in the MT formula is explained below:

- Factor A: Coefficient A is called the magnitude factor since it controls the value of torque at a specified
point. Reducing the magnitude of A decreases the torque magnitudes of a part throttle curve. The
changes in magnitudes are different at different throttles and speeds.

- Factor B: This coefficient is called the throttle interval factor since it controls the interval between
every two part throttle curves. In fact, reducing coefficient B displaces the part throttle curves further
from one another and distributes the part throttle curves more evenly.

- Factor C: Coefficient C is called the low speed magnitude factor since it controls the torque values
especially at low speed points. Reducing the magnitude of C increases the torque magnitudes of a part
throttle curve especially in the low speed regions.

- Factor D: Coefficient D is called the high speed magnitude factor since it controls the torque values
especially at high speed points. Increasing the magnitude of C decreases the torque magnitudes of a part
throttle curve especially in the high speed regions.

2.7 Engine Management System

In the past, the engine functions such as fuel-air mixture and ignition control were achieved by mechanical
devices like carburettors and advancing mechanisms (e.g. centrifugal advance units). An engine control
unit, or ECU for short, is an electronic control system for engines that is responsible for monitoring and
managing the engine functions that once were performed mechanically. Over the past three decades, the
control of a few parameters for engine ignition has developed into the management of several variables
that govern the performance of an engine. For this reason, the term ‘Engine Management System’ (EMS)
is becoming increasingly popular. EMS is responsible for monitoring and controlling additional
parameters such as exhaust-gas recirculation (EGR) and fuel evaporative emissions to ensure better
fuel economy, much lower pollution, more power, easier cold start, smoother idling, and consistently good
performance under all circumstances. Electronic engine management has also made possible sophisti-
cated engine monitoring functions and provides diagnostics and warning information.

Modern engine management systems incorporate information from other vehicle systems by receiving
inputs from other sources to control the engine performance. Examples are control of variable valve timing
systems, communication with transmission control units and traction control systems. For engine mainte-
nance and repair purposes, the ECU stores diagnostic codes based on sensor information. In conditions
where the engine faces a problem, the ECU displays warning lights for the attention of the driver.

2.7.1 Construction

The engine management system in general includes an ECU that receives information from several
sensorsto control the ignition process of the engine. A fuel delivery system is responsible for working with
the ECU and supplying sufficient fuel to the engine. The ignition system receives commands from the
ECU for accurate control of the combustion. The sensors provide feedback to the ECU to indicate the way
engine is running so that the ECU can make the necessary adjustments to the operation of the fuel delivery
and/or ignition system for emission control, fuel economy and good driveability. Figure 2.75 illustrates
the main components of an EMS (see also [6, 7]).

The ECU uses a microprocessor which can process the inputs from the engine sensors in real time and
compute the necessary instructions. The hardware consists of electronic components based on a
microcontroller chip (CPU). Memory is also needed in order to store the reference information and
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Figure 2.75 Basic components of an EMS

ECU software. The input information from sensors is conditioned to remove noise and digitizing (if
necessary). The low energy command signals of ECU must be amplified by the output drivers before they
are used to drive the actuators. Figure 2.76 schematically illustrates the basic parts of an engine electronic
control unit.

2.7.2 Sensors

A sensor is a device that measures a physical quantity and outputs an electronic signal in proportion to the
measured quantity. Engine sensors are responsible for measuring and reporting several important
quantities to the ECU. These sensors include throttle position sensor, mass airflow sensor, temperature
sensor, manifold pressure sensor, crank angle sensor, oxygen sensor and knock sensor. A brief explanation
follows for each of these sensors (see also [8, 9]).

- Throttle position sensor (TPS): As the name implies, a throttle position sensor provides the ECU with
information on the throttle rotation. This information produces the angle of throttle rotation as well as
the driver’s intention to accelerate the vehicle from the rate of changing the angle. The ECU will use this
information to control the fuel delivery and ignition timing. Three examples are idle, heavy throttle
input and braking. In idle conditions, the throttle is closed for a time period, so that the ECU will notice it
is idle. In a sudden acceleration the accelerator pedal will be depressed rapidly. The ECU receives two
signals: throttle angle and rate of change of throttle angle. Therefore, it determines the situation is
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Figure 2.76 Basic parts of an ECU
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acceleration and the combustion timing will usually be advanced more than under a light throttle input.
In braking circumstances, the accelerator pedal is released suddenly and the signal will be to close the
throttle and thus, the ECU will issue an injection cut-off command.

- Mass air flow sensor: The amount of fuel needed for a perfect combustion is proportional to the
amount of air entering the engine. The measurement of the mass flow rate of air into the engine,
therefore, is necessary to try and optimize the operation of an engine. There are different ways of
measuring the amount of air entering the intake manifold. Hot wire sensors use electric current
variations to keep the temperature of wire constant. Other methods include the vane system and the
heated film method.

- Temperature sensors: The optimum spark advance depends on intake manifold temperature. The air
temperature sensor measures the temperature of the air and the ECU modifies the fuel flow to suit the
ambient air temperature. In some engines, the air temperature information is combined with informa-
tion from the pressure sensor to calculate the intake air mass flow rate. The coolant temperature sensor is
used to report to the ECU the operating temperature of the engine, allowing it to modify the fuel flow as
the engine temperature changes, and to assist with warm-up and for maximum fuel economy at normal
engine operating temperatures.

- Manifold pressure sensor: The pressure drop in intake manifold is an indication of air flow rate. The
pressure drop is higher at lower throttle openings. This information is useful for the ECU to tailor fuel
delivery and combustion timing for different operating conditions. The manifold absolute pressure
(MAP) sensor (also called a vacuum sensor) measures the degree of vacuum in the engine’s intake
manifold. This type of sensor is used with some types of fuel injection systems.

- Angle/speed sensors: These sensors provide information to the ECU regarding the crankshaft turning
position and speed respectively. The camshaft rotation may also be measured to obtain ignition timing.
This information is used by the ECU to control fuel flow and ignition.

- Oxygen sensor: An oxygen sensor (also called a Lambda sensor) is placed in the exhaust system to
measure the amount of oxygen leaving the engine together with combustion products. This quantity is
used in a feedback loop to allow the ECU to control the fuel delivery system to provide a proper fuel-air
ratio. With this information the ECU will continually correct itself in small time steps.

- Knock sensor: The knock sensor detects knocking and sends a signal to ECU to gradually retard
ignition timing or to enrich the air-fuel mixture.

2.7.3 Maps and Look-up Tables

When controlling slow systems with few influencing parameters, the microprocessor can be provided with
amathematical control function to evaluate the best conditions for each set of input data and to generate an
appropriate actuator drive signal. For complex, high-speed systems like engines, however, this method
does not work since the control of an engine requires the high speed evaluation of several complicated
non-linear equations, each with a large number of variables.

The solution to this problem is to use engine maps that are sets of pre-calculated results that cover all of
the engine’s possible operating conditions. During the engine operation the ECU receives sensor signals,
calculates the preferred output values and passes them to the output driver circuits. Two basic examples
are engine ignition and injection maps with typical shapes illustrated in Figures 2.77 and 2.78. The map of
Figure 2.77 relates the ignition timing to engine speed and load and it is controlled by selecting the
advance value determined from the data stored in the memory. The map of Figure 2.78 also relates the
injection timing to the same two parameters.

The process of obtaining engine map data is called mapping and involves operating a fully instrumented
test engine on a dynamometer throughout its entire speed and load range. While quantities such as the fuel-
air ratio and the spark control are varied in a systematic manner, the fuelling and timing for maximum power
and lowest emissions are obtained. Once the preliminary map data have been obtained, the engine isrunina
test vehicle to calibrate the map for higher efficiency and performance in various working conditions.
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The maps are then programmed into memories that are installed in production ECUs. In order to
make very fast calculations possible, mapping results are stored in the form of look-up tables. The
ECU microprocessor executes simple instructions in order to evaluate the output commands. Modern
ECUs are able to hold numerous detailed maps relating each output variable to several input variables
(sensor outputs).

2.7.4 Calibration

During the engine development phase, ECU maps are obtained by using engine dynamometers in
laboratory conditions. At this stage the overall relations between the inputs and outputs are determined in
the forms of typical functions. When an engine is fitted on a vehicle, the working conditions will be
different from those tested during the dynamometer tests. By changing the working conditions such as
different climatic conditions and altitudes, the data stored in the ECU memory must be adjusted.

With tougher legislations on emissions and rising customer expectations for increasing fuel economy,
the ECU algorithms are growing in complexity, and the volume of software and data is increasing rapidly.
This is why the EMS has progressed from a simple fuel metering device to a multi-functional control
system with diagnosis and fault management capabilities. The calibration parameters on ECUs have also
increased with increasing software complexity.

The calibration of an ECU involves multi-disciplinary knowledge of electrical, electronics, computer
and mechanical engineering along with control and combustion theory.

2.8 Net Output Power

An engine is a device that converts chemical energy to mechanical energy. Inevitably, in this process a
large portion of the energy is wasted and only a small part of it reaches the output shaft. The chemical
(fuel) energy is not fully released during the combustion and some unburned fuel leaves the system
together with the combustion products that also take out some energy with them. The released energy from
the burned fuel turns into heat and fluid energy which then partly turns into mechanical energy. Engine
internal components such as the oil pump and the camshaft consume power from the available shaft power.
Friction between the contacting surfaces generates resistive forces against the engine rotation. In addition,
in order to suck the air into the engine and pump the burned gases out, energy is needed. The vehicle
accessories such as the air conditioning compressor and a power steering pump also use power from the
shaft at the engine front end. The remaining power at the engine flywheel is left to provide tractive forces
for vehicle motion. Figure 2.79 illustrates the energy flow inside the engine. Typical values for the energy
balances are available in [10].

The input energy to an engine varies by the amount of fuel-air mixture in the engine combustion
chamber. This is controlled either by throttling in Sl engines or by fuel injection control in Cl engines. The
atmospheric conditions, too, have important effects on changing the amount of engine air input and
resulting fuel energy release.

It is common to work with only three descriptions of power, namely indicated power P;, brake power Py,
and friction power Pg. The indicated power is the total mechanical power produced by engine and can be
estimated from Equation 2.133 (see Section 2.2.4):

r,VaQny

Pi ZvErZe =1 20nF

2:133

The total indicated power is divided into two parts; the useful mechanical power at the output shaft (brake
power) and the friction power (lost power):

Pi..Py PEe 2:134
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Figure 2.79 Power flow in an engine

With this definition the friction power also includes all negative power such as pumping power as well as
power used for internal uses.

2.8.1 Engine Mechanical Efficiency

Mechanical losses in an engine are described by the friction power of the engine and have several sources
including:

- pumping losses that are due to the energy required to pump the air into the cylinders and also to pump the
combustion products out of cylinders;

- frictional losses are due to friction of piston skirt and rings, bearing frictions and valve frictions;

- power losses of oil pump for engine lubrication;

- valve train power losses.

The ratio of the brake or useful mechanical power to the total indicated power is called the mechanical
efficiency Zy,:
Po Pr

mepo b B 2:135

Z
The friction power can be divided into three main parts: frictional power by friction forces between
moving surfaces (cylinder-piston, bearings, valves), power for internal uses (oil pump, camshaft, etc.);
and the power required to pump air into the engine and burned gases out of the engine. The first two are
dependent on the engine speed and the third is throttle dependent. Indicated power also is dependent on
both throttle (volumetric efficiency) and speed (Equation 2.133). Therefore, the mechanical efficiency
depends on the throttle position as well as engine speed.

2.8.2 Accessory Drives

Engine mechanical power to accelerate the vehicle must be delivered to the crankshaft end or to the
flywheel. The net engine output power is not fully available at the output shaft since there are different
accessories that are receiving power from the crankshaft. Major accessories are the alternator, air
conditioning compressor and power steering pump that are usually driven by belt drives. The water pump
is also usually driven by an accessory drive belt. In automobiles these belt drives are typically placed in
front of engine and for this reason they are called Front Engine Accessory Drive or FEAD in short.
A typical single belt FEAD system is shown in Figure 2.80.
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Figure 2.80 A typical FEAD system

Each accessory consumes power from the engine and the net power available to be used for vehicle
motion, therefore, is reduced. Figure 2.81 shows typical torque and power demands of different accessories.

2.8.3 Environmental Effects

The engine performance is highly dependent on the ambient air conditions, especially air pressure and
temperature. These atmospheric effects can be viewed from two different perspectives. In the first point of
view, the main concern is the differences between the performances of different engines in similar
working conditions. In other words, different engine designs are being compared with each other in terms
of overall performance when they work in similar conditions. The second point of view compares the
performances of one particular engine when it works at different climatic conditions. Examples are the
performance variations of a specific vehicle during different seasons and in different geographical areas.
In order to provide a more accurate basis for comparisons between performances of different engines, it is
necessary to carry out tests under equal standard conditions. Engine tests performed in such standard
ambient conditions are comparable, otherwise obviously an engine performs differently in different
atmospheric conditions.

For both perspectives the idea of introducing correction factors has proved useful. In the first approach,
correction factors can make the comparisons more reliable. Correction factors for the second approach
can indicate how differently an engine is expected to perform in atmospheric conditions other than the
ideal standard condition.
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Figure 2.81 Typical accessory loads

2.8.3.1 Atmospheric Properties

Air properties in the atmosphere depend on the ambient temperature, pressure and humidity. Atmospheric
air properties change not only by seasons, but also by altitude. Basic relations for estimating air properties
can be developed by using ideal gas formulas. Typical equations are [11]:

T 0:286

T 1 921 10 SH 2:136
0
pﬁ...l 9:21 10 °H 2:137
0
—.. 1921 10 °H 0:714 2:138
0

In the above equations, T is air temperature (Kelvin), p is air pressure (kPa), r is air density (kg/m®) and H
is altitude (m). Subscript  indicates the values at sea level (H ... 0). Standard or reference values for the
three parameters are defined differently. One reference point is given as Ty ... 25 C and Py ... 100 kPa.
The variations of the three parameters with altitude up to 3000 metres are shown in Figure 2.82.

2.8.3.2 Engine Test Standards

Engine manufacturers perform standard tests on their products to measure the performances of engines for
type approval (TA) tests or conformity of production (COP) tests. Type approval is the confirmation that
production samples of a design will meet specified performance standards. Conformity of Production
(COP) is a means of evidencing the ability to produce a series of products that exactly match the
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Figure 2.82 The variation of standard air properties with altitude

specification, performance and marking requirements outlined in the type approval documentation.
Standard conditions are defined by standardization organizations such as the 1SO, SAE, JIS, DIN and
others. Typical standard atmospheric conditions for engine tests are given in Table 2.15. The exact
provision of standard conditions for an engine test is a difficult and costly task. The level of control may
include only input air temperature or at the same time humidity and pressure. In case of any deviations
from the standard atmospheric conditions, within a limited range allowed by the standard, corrections are
needed to adjust the measured engine power values. Application of such correction factors to the
measured powers on engine dynamometers will establish a reference engine power comparable with other
standard values.

Test procedures for obtaining and correcting engine powers are defined in detail by different standard
organizations and tests must be carried out in accordance with the guidelines set out in each standard.
Test procedures define which auxiliary equipment must be fitted and which must be removed from the
engine. They also define setting conditions for the engine and tests, fuel specifications, cooling of engine
and tolerances, and reference atmospheric conditions. According to different standards, the correction
formula for the engine power is of the basic form:

Ps ... CFPm 2:139

Table 2.15 Standard or reference atmospheric conditions for engine tests

Item SAE ISO EEC DIN

Dry air supply pressure 99 kPa 99 kPa 990 mbar 993 mbar
Air supply temperature ( K) 298 298 298 293
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Table 2.16 Coefficients for correction factors

Coefficient SAE 1ISO EEC
a 1 1.2 1
b 0.5 0.6 0.5

In the above equation, Ps is the corrected engine power for the standard atmospheric conditions and P, is
the laboratory test result before correction. Cr is the power correction factor and for SI engines, it can be
written in the following general form:

9 3 T, °

Cro oo 208

2:140

in which T,, (Kelvin) and p, (kPa) are the standard air temperature and dry air pressure observed in
actual test conditions. The values 99 and 298 are the standard values for the pressure and temperature
and could differ according to different standards (see Table 2.15). The powers a and b are two
constants defined by the standardization bodies (see Table 2.16 for different values according to different
standards).

The power definitions used in the correction equations are different for different standards, some use
brake powers and some indicated powers. Theoretically speaking, the general form of the correction factor
Ce (Equation 2.139) is based on the one-dimensional steady compressible air flow through a restriction.
For this reason it should be applied to the indicated power of an engine. However, the values of a and b
may be used to adjust the formula differently.

The total brake power Py, of engine is the subtraction of friction power Pg from the ‘indicated power’ P;
(Equation 2.135):

Pp..Pi Pe 2:141

Assuming Equation 2.139 is written for indicated powers and substituting from Equation 2.141, it
will give:

Psp ... CEPmp Ce 1Pk 2:142

in which subscripts Sb and mb denote standard corrected and measured brake powers respectively. It is
assumed that the friction power of engine is independent of small climatic differences (that are present
during the test with respect to the reference values) and is taken to be identical for the test and standard
conditions. Defining k, as the ratio of friction power to the brake power:

Pr
kp ... — 2:143a
P I:)mb
Then Equation 2.142 can be written in the following form:
Psp )
— .. 1 kCr kp..Cr 2:143b
mb

which is an alternative form for correcting the measured power. This time by calculating and applying the
correction factor Crp, the brake power will be corrected directly. In this form of the correction, it is
assumed that the friction power will also be measured during the engine test. If the engine friction power is
not measured, with an assumption of 85% mechanical efficiency for the engine [12], the correcting
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formula reads:
Crp ... 1:177C¢  0:177 2:144

The dry air pressure py, used in the calculations is the total barometric pressure p, minus the water vapour
pressure py:
Pm - Po Pv..Po FPus 2:145

in which F and pys are the humidity and saturation vapour pressure respectively. F is used in percentage
and pys can be calculated from the following approximate equation (in mbar):

Pys ... 6:11 107 2:146
in which for T in Kelvin:
75T 2049
T 3585 2141
and for Tin C:
75T
m.. T 373 2:148

Different standards propose different correction formulas for diesel engines. The EEC formula for the
naturally aspirated diesel engines is similar to Equation 2.140 for Sl engines but with b ... 0.7. The SAE
also introduces an engine factor which makes the correction formula different and more complicated. It
should be noted that the correction formulas can only be used when the correction factor resulting from
this procedure remains very close to unity by a margin specified by the standard (typically around

5%). In other words, if the correction factor calculated for an engine test remains outside the allowed
bounds, the test is not valid and must be repeated.

Example 2.8.1

An Sl engine was tested on a stand and at 2500 rpm the output torque in a steady condition was
recorded 140 Nm. Test conditions were according to data given in Table 2.17. Determine the
standard brake power of the engine at 2500 rpm:

(@) Compare the results of Equations 2.140 and 2.144 fora ...1 and b ... 0.5.
(b) Compare the previous results with those obtained for a ...1.2 and b ... 0.6.

Table 2.17 Test conditions of Example 2.8.1

1 Inlet air temperature 30C

2 Room pressure 740mm-Hg

3 Relative humidity 60%
Solution

The conversion factor from mm-Hg to kPa is 133.32, thus the room pressure is 740 133.32...
98657 Pa or 98.657 kPa. The saturation vapour pressure pys can be calculated by using Equa-
tion 2.146. The result is 42.33 mbar. The dry air pressure is:
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Pm - Po Fpus ... 98:657 60 42:33=1000 ... 96:119 kPa
The measured power is:

Pmp ... 140 2500 p=30 ... 36;652W 49:131 hp

(a) From Equation 2.140:

99 30 27316 %°
Cr - Se119 298 -+ 10389

The corrected standard power, therefore, is:
Ps ... 1:0389 36652 ... 38;076W 51:04 hp
and from Equation 2.144:
Crp ... 1:177 1:0389 0:177 ... 1:0458
and the corrected standard power is:
Psp ... 1:0458 36652 ... 38; 330W 51:38 hp

The difference between the two results is 254 W which is 0.67% of the power.

(b) Correcting factor from Equation 2.140 fora ...1.2 and b ... 0.6 is:

99 2 30 273:16 *¢
Cr - 95119 298 - 110468

The corrected standard power for this case is:
Ps ... 1:0468 36652 ... 38;367W 51:43 hp

The largest difference between the results is 291W (0.4 hp) and the smallest is 37 W (0.05 hp).
Therefore, the results obtained from SAE and ISO formulations are almost identical although the
formulae are apparently different.

2.8.3.3 Engine Power under Normal Conditions

Usually, the rated powers of engines are provided by the manufacturers defined as the standard corrected
brake power of engine obtained according to standard dynamometer tests. The actual engine power will
differ from the rated power since the intake air density is a function of atmospheric temperature and
pressure and hence in warm or cold weather, and at low or high altitudes the air density will differ and will
affect the engine performance. Thus, if the engine test results for the standard condition were available,
corrections must be applied when using the engine information for vehicle performance analyses under
normal conditions. These corrections are not identical to those explained earlier for engine test correction
factors since those factors were designed for small deviations in standard test conditions. For normal
driving conditions, however, the climatic conditions may differ enormously from those of the standard
test conditions.
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Owing to the analytical complexity of engine power dependency on the environmental conditions, an
accurate model has not yet been developed for this purpose. From simplified models for the one-
dimensional steady compressible air flow through a restriction, however, equations for the air mass flow
rate have been derived. Such equations are also based on the assumption that air is an ideal gas with
constant properties. Application of this technique for engine air mass flow at full throttle, assuming that
the mass flow rate of air entering the engine is almost proportional to its indicated power, provides a
correction factor for the engine indicated power P; in the following form [2]:

Ps .. CgP; P 2:149

in which Pg is the standard brake power, P is the friction power (assumed independent of environmental
changes) and the correction factor Cg is given below:
7
.. P Im 2:150
Pm  Ts

where s and m stand for the ‘standard’ and ‘measured’ values. It should be noted that pressure terms in the
above equation must be for the dry air (absolute barometric pressure p, minus the water vapour pressure
py) and temperatures are in degrees Kelvin.

Equation 2.149 can be written in a more useful form of:

Po 1 kyCe 1
Psp Cr
in which P, and Pg;, are the actual and standard brake powers of the engine and Kk, is the ratio of friction

power to the brake power. The term k, Cg 1 is usually very small compared to unity and may be
ignored. The simplified form of Equation 2.151, therefore, is:

2:151

1

L I 2:152

Psp Ps  Tm
Note that the temperature values must be used in Kelvin and pressure terms are the dry air pressures
(though the water vapour pressure is usually very small). Equation 2.152 simply indicates that pressure
drop reduces the engine power and overheated air entering the cylinders has the same effect on engine
power as adrop in atmospheric pressure. At a certain altitude the daily and seasonal temperature variations
change the engine power. At a certain temperature, an increase in altitude will reduce the air pressure and
consequently reduce the engine power.

Example 2.8.2

In order to include the effects of altitude and temperature on engine power, in practice, rule of
thumb formulae are proposed. Two examples are:

(@) A 2.5% engine output power is said to be lost for every 1,000-ft increase in elevation above
sea level.

(b) A reduction of 1% is also suggested for each 10 F rise in the intake air temperature above the
‘normal’ temperature of 70 F.

Compare these rules with those discussed in this section to see how accurate they are.

(c) Suggest similar Sl version rules for power reduction by altitude and temperature.
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Solution

(a) Using the atmospheric properties presented earlier (Equations 2.136-2.138), the variation of
temperature and pressure with altitude can be obtained. Then Equation 2.152 represents the power
loss of engine at that particular altitude. A MATLAB program shown in Figure 2.83 can facilitate
this process for different altitudes. The result is illustrated in Figure 2.84. It can be seen that the

% Example 2.8.2- part (a)

close all, clear all

% Atmospheric reference conditions

t0=21; % Reference temperature (Centigrade)
T0=273.16+t0;

P0=1.0133; % Reference pressure (bar)

% Variation of temperature and pressure with altitude
for i=1: 300
H=10%*i; h(i)=H;
slope=1-92.1e-6*H;
Tm(i)=T0*slope”0.286; % Local temperature
Pm(i)=P0*slope; % Local pressure
Cf(i)=(slope)*(T0/Tm(i))"0.5; % Power ratio
pl(i)=100-Cf(i)*100; % Power loss (%)
end
plot(pl, h*3.2808)
grid
xlabel('Power loss (%))
ylabel(‘Altitude (ft)")

Figure 2.83 MATLAB program listing for Example 2.8.2

10000

9000 /
e

8000 //
7000 /

6000 g
5000 /
4000

3000 /
2000 /

1000 /

0 5 10 15 20 25
Power loss (%)

Altitude (ft)

Figure 2.84 Variation of engine power loss with altitude
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simple rule of thumb formula is very accurate. It should be noted that the reference temperature is
taken to be 21 C (70 F) at sea level.

(b) Assuming no change in the atmospheric pressure due to temperature changes at sea level, the
power ratio equation simplifies to a temperature ratio only. A simple loop in which the temperature

varies will generate the result depicted in Figure 2.85. The reduction in power for each 10 Frisein
the intake air temperature is slightly less than 1%.
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Figure 2.85 Engine power loss variation due to temperature increase

(c) From the results obtained in (a) and (b), similar rules for SI units are:
(i) A 4% engine output power is lost for every 500 m increase in elevation above sea level.
(ii) A reduction of 1.5% in engine power will occur for each 10 C rise in the intake air
temperature above the ‘normal’ temperature of 20 C.

Example 2.8.3

An engine with 120 hp rated power is installed in a vehicle. What would be the real engine power in

amountainous town at 1000 m altitude above sea level in two temperature cases of a summer day at
40 C and a winter day at 0 C?

Solution

The variation of pressure with altitude is available from Equation 2.137. Ignoring the deviations of
the base conditions from standard values, at a given altitude we have:

p..1 921 10 ° 1000 ... 0:9079 bar
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At a temperature of 40 C:

0:9079 298

Similarly, at 0 C, the power is 113.8 hp.

2.9 Conclusion

The power generation process in an internal combustion engine involves the flow of working fluids in and
out of the engine, together with combustion and thermodynamics processes. Understanding engine
behaviour in various working conditions, therefore, needs a thorough knowledge of several areas such as
fuel and reaction chemistry, physics, thermodynamics, fluid dynamics and machine dynamics. Modern
enginesare controlled by electronic management systems that are very influential on the overall behaviour
of the engine and make the understanding even more complex.

The objective in this chapter was to familiarize the students with the power generation principles of the
internal combustion engines. Therefore, the intention was to simplify the working principles of an engine
and explain them in manageable sections. The subjects covered in this chapter should be treated in
context. For example, Section 2.2 and especially subsections 2.2.2 and 2.2.3 only review the basic rules of
engine theory and must not, therefore, be considered as design methods since the results differ from those
of real engines. The method of torque estimation presented in Sections 2.3 and 2.4 are accurate as long as
the input information, especially the pressure distribution versus crank angle, is accurate.

The new engine MT formula presented in Section 2.6 is very helpful for powertrain analyses since it
estimates a continuous output for all working conditions. Hence, it is a useful mathematical representation
of an engine map that is valuable for whole vehicle performance calculations. Section 2.8 is very
important in that it emphasizes the engine dynamometer test results must be corrected for accessory drive
power consumption and weather conditions before using them in vehicle powertrain analyses.

2.10 Review Questions

2.1 Explain the main differences of four-stroke and two-stroke engines in terms of working phases,
construction and performance
2.2 The valve opening angles of Table 2.1 are theoretical and different angles are used in practice.
Describe the reason.
2.3 What is the main difference between TBI and MPI systems in Sl engines?
2.4 Describe the function of GDI systems and their main benefits.
2.5 Explain the reason for higher compression ratios of Cl engines.
2.6 Compare the theoretical thermal efficiencies of SI and CI engines.
2.7 Which of the SI or CI standard cycles more accurately describes the real engine cycle?
2.8 Describe how the volumetric efficiency influences the engine output torque and power.
2.9 Explain the concept of connecting rod dynamic equivalent and how it simplifies the engine
modelling.
2.10 Describe how a flywheel reduces the engine speed fluctuations.
2.11 What is the process of designing a flywheel?
2.12 Describe the engine flexibility properties.
2.13 Name the engine control sensors and explain their functions.
2.14 Explain why an ECU needs calibration.
2.15 Describe the process of correcting the engine power for environmental differences.
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2.11 Problems
Problem 2.1

Use the MATLAB program of Example 2.3.3 to study the effects of changing engine parameters on its
torque generation performance:

(a) Find the effect of a 10% reduction of piston and connecting rod masses on the engine torque.
(b) Find the effect of reducing the connecting rod length by 10%.
(c) Find the effect of reducing the connecting rod inertia by 10%.

Problem 2.2

Use the data of Problem 2.1 to study the effects of changing the engine parameters on the engine bearing
loads.

Problem 2.3

Derive expressions for the gudgeon-pin and crank-pin bearing forces A and B of the simplified model
according to the directions of Figure 2.32.

Results:
Ac.. Aganb;Ay.. Fp mp maap;By.. AgandBy.. Ay

Problem 2.4

For the engine of Example 2.3.3 compare the gudgeon-pin and crank-pin resultant forces of the exact and
simplified engine models at 3000 rpm.
Hint: To find the gudgeon-pin forces of the exact model, use Equations 2.80, 2.81, 2.84 and 2.85.

Problem 2.5

Show that for the exact engine model the average of term T-Fyh during one complete cycle vanishes.

Problem 2.6

Construct the firing map for a three-cylinder in-line engine with cranks at 0-120-240 degrees.

Problem 2.7

Construct the firing map for a four-cylinder 60 V engine with cranks at 0-0-60-60 degrees.

Problem 2.8
Construct the firing map for a six-cylinder in-line engine with cranks at 0-240-120-0-240-120 degrees.

Problem 2.9

For an in-line, four-cylinder engine the firing order is 1-4-3-2:

(a) Construct the firing map for the engine.
(b) Determine the crank angle and state angle for each cylinder.
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Problem 2.10

Compare the torque outputs of an in-line four-cylinder, four-stroke engine at two firing orders of 1-3-4-2
and 1-2-4-3- using the information in Example 2.4.3.

Problem 2.11

Use the information in Example 2.4.3 to plot the variation of the torque of the three-cylinder engine of
Problem 2.6 and calculate the flywheel inertia.

Problem 2.12

Compare the variation of the torque of the four-cylinder V engine of Problem 2.7 with an in-line layout.
Use the information in Example 2.3.3.

Problem 2.13

Plot the variations of engine power losses with altitude and temperature changes for Example 2.8.2
in Sl units.

Problem 2.14

The variation of gas pressure of a single cylinder four-stroke engine during two complete revolutions at
a speed of 2000 rpm is simplified to the form shown in Figure P2.14. Other engine parameters are given
in Table P2.14.
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Figure P2.14 Cylinder pressure
Table P2.14 Engine parameters
Parameter Value
Cylinder diameter 10cm
Crank radius 10cm
Connecting rod cent-cent 25cm
Con rod CG to crank axis 7cm
Con rod mass 1.0kg

Piston mass 1.0kg
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Use the simplified engine model:

(a) Find the equivalent mass mu for the connecting rod.

(b) Calculate the inertia force Fp in terms of crank angle and engine speed.

(c) Write an equation for the total vertical force Fgy acting at point A.

(d) Plot the variation of Fgy and Fyy versus crank angle.

(e) Plot the variation of torque versus crank angle.

(f) Find the average engine torque and compare it with the quasi-steady torque resulting from average
pressure during the combustion phase.

(9) Determine the mean effective pressure for the engine.

Problem 2.15

The torque-angle relation for a four cylinder engine at an idle speed of 1000 rpm is of the form:
T..To TaCc082Yy VYo

(a) Find the area A" of torque fluctuations relative to the average engine torque.
(b) Show that the value of necessary flywheel inertia can be written as | ... KT,.
(c) For a value of 2% permissible speed fluctuations, evaluate k.

Results:

() Ta,
() 0.0046.

Further Reading

Of all the topics in automotive engineering, engines have dominated when it comes to textbooks. Because
of its role as the fundamental power source, the internal combustion engine (ICE) has been seen as the
heart of the vehicle. But although its importance is undisputed, it nevertheless seems to have attracted
more than its fair share of textbooks. Only a small selection of these is referenced here, but these will
provide the interested reader with plenty of excellent background material on engine design.

The classic book on the fundamentals of thermodynamics of engine is by Heywood [2] and this has been
used throughout the world as a university teaching text. It starts with the fundamentals of thermochemistry
and then uses this to analyze the combustion processes of both spark ignition (SI) and compression
ignition (CI) engines. All aspects of the thermodynamic design are covered — including engine cycle
analysis, gas flows and heat transfer. Stone’s book [13] has also been extensively used as a teaching
reference text. As well as covering the thermodynamics aspects of the combustion processes within
engines, the book also contains some introductory material on the modelling, mechanical design and
experimental testing of engines. This material is brought together in the final chapter which looks at three
practical case studies of different engine designs.

For more detailed information on the mechanical design of engines, the definitive reference is by
Hoag [14]. He concentrates on the design of all the engine components — block, cylinder head, pistons,
bearings, camshafts, etc. —and discusses how they are all brought together in an integrated engine design.
He also discusses operational issues such as balancing, durability and the overall development process.

Of particular interest to powertrain system design is the question of how to represent the behaviour of an
ICE - in other words, how to characterize its properties without necessarily representing all the details of
the thermodynamic processes. For example, the simplest method is to use empirical data— measured on a
dynamometer — to obtain an engine map. This is often referred to as an empirical model and can then
simply be used as a look-up table to obtain the engine performance properties under different operating
conditions. Although modelling of engines has received a huge amount of attention, much of the
information only exists in journal and conference papers. However, a recent book by Guzzella and
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Onder [15] has brought together some of the available information in a useful textbook. In particular, the
authors explain in some detail, two types of engine models — the Mean Value and Discrete Event
approaches. The book then goes on to explain how engine control systems operate and provide an
excellent overview of engine management systems.
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3
Vehicle Longitudinal Dynamics

3.1 Introduction

The longitudinal motions of a vehicle include accelerating, cruising, uphill and downhill motions. The
performance and the driveability of a vehicle including accelerations at various loadings and driving
conditions are the main topics of this chapter. Vehicle engineers have long realized the importance of
driveability in the commercial success of vehicles. Vehicle longitudinal dynamics involves the study of
several issues including engine behaviour, tyre tractive force generation, resistive forces acting on the
vehicle and the drivers gearshifting habits.

In this chapter rst, simple vehicle models are developed which are useful for the initial estimation of
vehicle longitudinal performance. For more detailed analyses and reliable design, however, more
elaborate models including the engine characteristics, tyre slips, shifting delays, rotating masses and
driveline losses have to be used. Such models with increasing details are being developed and many
examples using typical vehicle data are included throughout and MATLAB codes for vehicle
performance calculations are provided in this chapter.

3.2 Torque Generators

The vehicle is accelerated by a tractive force at the driving wheels which in turn depends on the torque
applied at these wheels. In the vehicle longitudinal performance analysis, therefore, the power source
which delivers the torque usually an internal combustion engine (ICE) plays an important
role. Different power sources have different torque generation characteristics. In vehicle performance
studies, however, the power source can be regarded as delivering a quasi-steady source of torque (see
Section 2.4.3) with prede ned characteristics.

Traditionally, IC engines have dominated as power sources in vehicles. However, in spite of all the years
of experience using IC engines in vehicles, their torque characteristics and related effects on the vehicle
performance still remain an area of discussion. A detailed discussion of the torque generation properties of
IC engines was presented in Chapter 2. Electric motors are the main counterparts for engines in hybrid
electric vehicles (HEVs) and they have signi cantly different torque-generating characteristics from
engines. In a later section a short review of the performance of electric motors used in vehicle applications
will be provided.

Vehicle Powertrain Systems, First Edition. Behrooz Mashadi and David Crolla.
2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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3.2.1 Internal Combustion Engines

The torque-speed characteristics of 1C engines were discussed in detail in Chapter 2 so only the key
features for its application in the current chapter are covered here. The quasi-steady or stationary torque of
an ICE is dependent on the speed of rotation o, and the amount of throttle opening, v, i.e.:

Te ... T Oy 31

A typical part throttle engine performance curve representing Equation 3.1 for an Sl engine is shown in
Figure 3.1. This plot is generated based on engine dynamometer tests.

Using the MT engine formula (see Section 2.6) the performance curves can be represented mathemati-
cally by a formula of the form:

TrL O

. 3:2
11 exp A By

Ty, 0 .

inwhich Tg.L o isthe engine full load or wide-open-throttle (WOT) curve and coef cients A, B, Cand D
are four constants for a speci ¢ engine and can be determined from part load tests. For an engine with
coef cients given in Table 3.1 and full throttle data of Table 3.2, the part throttle curves are shown in
Figure 3.2. In order to produce smooth curves, polynomial curve tting is applied to the WOT data.
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Figure 3.1 Typical Sl engine part-throttle chart

Table 3.1 Coef cients of MT formula for a speci ¢ engine

Item A B C D

Value 11.12 0.0888 1.003 1.824

Table 3.2 Engine full throttle data

Speed (rpm) 1000 1500 2000 2500 3000 3500 4000 4500 5000 5300
Torque (Nm) 80 98 100 105 110 109 113 111 104 97
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Figure 3.2 Engine part-throttle chart generated by the MT formula

Engines are different in terms of their full load and part load torque-speed characteristics. Diesel
engines typically work at larger torques and lower speeds. For diesel engines with common rail fuel
injection systems, the WOT torque typically has a at area of constant torque. Figure 3.3 shows the
performance curve of a diesel engine with a common rail system.
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Figure 3.3 Performance curves of a diesel engine with a common rail system
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Figure 3.4 Typical performance curves of electric motors used in hybrid vehicles

3.2.2 Electric Motors

Electric motors play a crucial role in hybrid vehicle powertrain systems (see Chapter 7). Their potential to
work as a motor or generator provides opportunities to use them for generation of both traction or braking
forces whichever required. There are several types of electric motors suitable for use in hybrid vehicles.
Separately excited DC motors are good at speed control and they need relatively simple control
electronics. Their brushes need to be changed from time to time and they have high maintenance
requirements. Alternating current (AC) motor types include permanent magnet synchronous, induction
motors and switched reluctance motors. AC motors are in general less expensive, but require more
sophisticated control electronics. Nonetheless, they have higher power density and higher ef ciency and
in the majority of vehicle applications AC motors are used. The induction AC motors are generally
characterized by higher speci ¢ powers than permanent magnet motors. One of the inherent properties of
electric motors is the production of torque at zero speed. This gives them advantages over IC engines in
moving the vehicle from rest without needing a clutch. Power electronics provide the necessary tools for
controlling the torque-speed characteristics of the electric motors to suit automotive applications. A
constant high torque at low speeds and the retention of maximum power afterwards can be achieved by
proper control of the motor voltage, eld, ux or frequency depending on the type of the motor. A typical
performance curve of an electric motor used in hybrid vehicles is shown in Figure 3.4.

3.3 Tractive Force

The vehicle accelerates through the application of tractive forces. The tractive force of a vehicle is
produced at the tyre road interface and it is therefore a function of both tyre and road properties. Different
tyres produce different traction forces on a particular road surface, and a particular tyre produces different
traction forces over different road surfaces. The tractive force originates from the torque applied on the
axle from the torque source. Thus the tractive force is dependent on both the torque source properties as
well as the tyre road properties.
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Figure 3.5 A tyre segment on the road surface

3.3.1 Tyre Force Generation

The tyre produces a tractive force due to the existence of friction at the road interface. The friction force
generation by the tyre, however, is quite complicated owing to its rolling motion. In order to examine the
difference between a simple sliding friction and that of a rolling tyre, consider a tyre segment cut out from
the tyre contact patch as shown in Figure 3.5. A load W equal to a wheel load is considered to act vertically
on the tyre segment. When a force F is applied to the segment in order to move it along the road surface,
three cases may exist:

(@) F is small and no relative motion is produced. In this case, the friction force Fs is simply:

Fi .. F 3:3

(b) F is large enough to bring the segment to the verge of slip. The friction force in this case is:

F ... mgN ... mgW 34

where mg is the static coef cient of friction.
(c) The segment skids over the surface. In this case all particles on the contact surface will theoretically
slide with a similar relative speed to the ground. The friction force can be expressed as:

Fr ... mgN ... mW 3:5

where my is the dynamic (or kinematic) coef cient of friction and is usually smaller than mg. For F
larger than F, the segment will accelerate. In practice, the friction force varies by increasing the force
F in the following range:

0 F mgN 36

Now consider a tyre with the same axle load W standing on the road surface as shown in Figure 3.6. As long
as the tyre does not rotate, the friction force F; will be similar to that of the segment discussed earlier.

Now if instead of force F, atorque T is applied at the wheel axis as illustrated in Figure 3.7, the direction
of friction force at the contact surface will be reversed because the slip direction at the contact surface
changes. With the wheel initially at rest, when the torque is applied, the wheel tends to rotate around its
axis. This is possible only if the contact patch of the tyre is allowed to slip in reverse direction to the
forward motion. The relative motion in the presence of friction at the contact area will result in a friction
force opposite to the slip direction. This force will act at the direction of motion of the wheel centre and is
called tractive force Fr.
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Figure 3.6  Skid of a non-rolling tyre

\ Direction of motion
| ——»
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Figure 3.7 The tractive force as a result of applying a torque at the wheel axis

One major difference between the simple slip of the tyre segment or the similar case for a non-rolling
tyre with the case of arolling tyre is the slip phenomenon in the contact patch. In the two former cases, the
whole contact area slides relative to the ground surface. All contact points, therefore, will experience
similar situations. Each point in contact region will generate a share of the total force proportional to the
pressure distribution. In the case of the tyre segment, the pressure distribution will be uniform, so any point
will have an equal share. For the non-rotating tyre case, the pressure distribution in the contact area is not
uniform, but the slip will be uniform, as illustrated in Figure 3.8.

When the torque is applied at the wheel axis, those elements of the tyre entering the contact region will
be forced to stay in contact with the ground and gradually move forward in the direction of the slip. Those
close to the leading edge cannot move as fast as those close to the trailing edge. This results in zero slip at

Direction of slip

Figure 3.8 Slip distribution for a non-rolling tyre
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Figure 3.9 Slip distribution for a rolling tyre

leading edge and full slip at the trailing edge. The distribution of slip along the contact length does not have
a simple form and an approximation for the slip is illustrated in Figure 3.9. According to this model, a
linear slip will exist at the leading region called the adhesion area and a uniform slip will exist at the
trailing region called the slip area .

Even this simpli ed model is dif cult to work with, since it needs information regarding the relative
width of adhesion and slip lengths, which is dependent on many factors and dif cult to determine. In
practice, however, a uniform slip is considered in the contact patch of a tyre which means the contact
points all have a uniform speed V; opposite to the direction of wheel travel. If the velocity of wheel centre
is denoted by V,, then the velocity vector, according to Figure 3.10, can be written as:

Vw ..Vs X rw 3.7
or in an algebraic form:
VW ... 'wOw Vs 3:8

inwhich ry is the effective radius of the tyre. Ina pure rolling case, the wheel centre velocity equals ry Ow,
that means no slip condition with Vs ... 0. For the slipping case:

Vs .. hwow Vw 39
Longitudinal slip Sy of tyre is de ned by dividing the slip speed by the rolling speed ryOw:

Vs 3:10

o Iy Ow

Figure 3.10 Wheel kinematics during slip
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L positive inclination angle
Spin axis

Direction of Wheel
Heading X'

positive slip angle

AN
Direction of Wheel
Travel

Aligning torque M,

Rolling
resistance

Normal force F torque

Figure 3.11 SAE tyre co-ordinate system [1]

From Equation 3.9:
Vi
'w Ow

3:11

Sx ... 1

S is sometimes expressed as a percentage. The tractive force of the tyre is dependent on the slip within
the contact area. However, there are other factors that control the tractive force, e.g. the normal load F on
the tyre and tyre pressure p. Thus, the tractive force of the tyre can be expressed as a function f of the
in uencing variables:

Fr..f Sx;Fz;p;... 3:12

At a certain tyre pressure, the tractive force will be dependent mainly on the longitudinal slip and
normal load.

What has been considered so far is the pure slip of the tyre in the longitudinal direction. In practice, the
tyre is subjected to slips with components in both the longitudinal and lateral directions. In these combined
slip conditions, the slip in the contact region has a complicated nature, since the contact patch is distorted
under the application of loads in different directions. For this reason the tyre will produce a force that is
acting somewhere other than on the centre of contact patch and in addition to the forces in three directions,
moments are also generated.

The tyre force system can be de ned in different ways. According to the SAE de nition [1], the origin O
of the axis system (see Figure 3.11), is taken on the centre of tyre contact (the intersection of wheel plane
Wand the projection of spin axis onto the road plane R). The X" axis is the intersection of the wheel and the
road planes. The 2° axis lies in vertical plane V and is perpendicular to the road plane and pointing
downward. The y axis is therefore in the road plane with positive direction to the right. Only F, (tractive/
brake force) and My, (rolling resistance torque) will be needed in this chapter and they are discussed in
more detail in the next sections.

3.3.2 Mathematical Relations for Tractive Force

A large volume of work is available in the literature dealing with the modelling and prediction of the force
generating properties of the tyres. In general, tyre modelling is performed in two basic ways: physical and
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experimental. In physical modelling a simpli ed model is assumed for the tyre that accounts for the main
physical properties affecting the force generation mechanism. By the application of mechanical laws
governing the deformation of tyre elements and friction effects at the contact region, mathematical
equations are developed. The accuracy of such models depends on the quality of the assumptions made for
the physical model. The advantages of these types of models are their simple nature and that the predicted
tyre forces do not necessarily require dif cult measurements.

There are also software-based physical models involving considerable complexity. These models
usually use Finite Elements methods (FEM). Although these sophisticated models are claimed to generate
more accurate results than those of simple physical models, they are unnecessarily complicated for
vehicle longitudinal performance predictions. Another approach is based on experimental work to
measure the force generation properties of the tyres. Experimental results can also help to explain the
physics of tyre behaviour when different loading conditions are tested, and hence in uence the further
developments of tyre models. The normal approach is to t curves to the measured tyre data.

Finding a general mathematical relationship applicable to all tyres has been a challenge to the
automotive industry. The Magic Formula tyre model is the result of work carried out at Delft University.
The attraction of this approach is its accuracy in tting the lateral tyre force and aligning moment data in
addition to the longitudinal force data of the tyre. The equations of this tyre model are of basic form [2]:

Y X .. DsinkC Arctan BF Sy 3:13

where:
BF..G1 E EArctan G 3:14
G..BX S, 3:15

X stands for either longitudinal slip Sy or sideslip angle a (see Figure 3.11). Y stands for either longitudinal
force F,, side force F, or self-aligning moment M,. The coef cients B, C, D, E and the horizontal and
vertical shifts Sy, and S, are non-linear functions of the vertical tyre load F, (and camber angle g for F, and
M,). For each tyre, a set of tests must be carried out in order that the dependency of the coef cients on the
variables (e.g. F,) is calculated. Typical relations for longitudinal force of a speci c tyre are [2]:

Cx ... 1:65
Dy .. a1F2  a,F,
bedy ... asFZ2  ayF, e ®F:
bedy

By ... m 3:16
Ex .. asF? a;F, as

Sh ... agF; amp

Sy ...0

The numerical values for the coef cients a; to a;o of the same tyre are given in Table 3.3. F, is in units of
N for these values.

The advantage of the Magic Formula representation is that once the tyre parameters are available, it will
be valid for all loading cases with a large range of parameter variations.

Table 3.3 Magic Formula coef cients for a speci c tyre [2]

Coef cient a; a, as a, as as a; ag ag aio

Value 2.13e-5 1.144 4.96e-5 0.226 6.9e-5 6.0e-9 5.6e-5 0.486 0 0
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Example 3.3.1

Use the Magic Formula with the information in Table 3.3 and plot the variation of tyre longitudinal
force for a full range of tyre slips at normal loads of F, ... 1000 to 3500 N.

Solution

The full range of tyre slip is between 0% and 100%. With a simple MATLAB program the plot can
be obtained. The MATLAB program is written in two main and function parts as shown in
Figure 3.12. The output result is given in Figure 3.13.

% MATLAB program to plot tyre longitudinal force
% the longitudinal slip is varied from 0 to 100%
% MATLAB function called in the main program

for fz=1000: 500: 3500; % Normal load in N
for i=1:200 function f = fx (fz,sx)

sx(i)=(i-1)/2; %

Fx(i)=fx(fz,sx(i)); c=1.65;
end d=-21.3e-6*fz*fz+1144.e-3*fz;
plot(sx, Fx) % FxinN e=-.006e-6*fz*fz+.056e-3*fz+0.486;
hold on bcd=(49.6e-6*fz*fz+226.e-3*fz)*exp(-.069e-3*z);
end b=bcd/c/d;
grid phai=(1.0-e)*sx+e*atan(b*sx)/b;
xlabel('Longitudin al slip (%)") %
ylabel('Longitudinal force (N)') f=d*sin(c*atan(b*phai));

Figure 3.12 MATLAB programs of Example 3.3.1
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Figure 3.13 Plot of longitudinal tyre force versus slip at different normal loads
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Figure 3.14 The properties of tyre force

From the results of Example 3.3.1, it can be seen that the overall variation of the tyre longitudinal
force with slip can be considered in two linear and non-linear regions as shown in Figure 3.14. The
linear region begins from zero slip up to a certain value of 5 10% and the maximum tyre force is
developed at slip values around 10 20%. At the full slip (100%) the tyre force is considerably lower
than the maximum force. This phenomenon is a typical property of the rolling tyres and if the concept of

dry friction is employed, the longitudinal force can be related to the normal load by the coef cient
of adhesion:

Fy ... MF, 3:17

At aspeci ¢ normal load, F;, the coef cient of adhesion m is a function only of F, which is already a
function of slip Sy i.e.:

m...m Sy 3:18

In fact, by dividing the values of F, by the normal load F, the trend of variation of m against the slip
will be similar to the variation of F, with S,.

Example 3.3.2

Use the information in Example 3.3.1 and plot the variation of tyre adhesion coef cient versustyre
slip at different normal loads.
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Solution

The results shown in Figure 3.15 are obtained by dividing the F values by the normal load in the
outer loop of Example 3.3.1. Since the curves lie close to each other, only two for ... 1000 and 4000
N are presented. It is observed that the dependency of adhesion coef cient on the normal load is
very small and in an inverse order.
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Figure 3.15 Coef cient of adhesion (Example 3.3.2)

From the variation of the coef cient of adhesion, two other issues can be noticed. First, the peak of
adhesion coef cient m, (Figure 3.15) can become even greater than unity at relatively low slips of below
20%. Second, at 100% slip, the value of sliding adhesion coef cient is the lowest value in the non-linear
region in the example tyre in Figure 3.14 it was some 30% lower than m,. Thus, the behaviour of
coef cient of adhesion in rolling tyres is quite different from the coef cient of friction between the two
surfaces. Hence, the following conclusions can be drawn:

1. In order that a tractive force is generated by the rolling tyre, a slip must occur in the contact area,
otherwise no force will be developed.

2. Toobtain the largest tractive force, the tyre slip should be regulated around a speci c value, depending
on the tyre and road surface. Larger slips will cause the tractive force to reduce considerably.

It should be noted that the adhesion coef cient depends not only on the tyre but on the type of road surface
as well. On wet surfaces, the values of m, will be reduced. Other factors such as tyre treads (shape and
depth) will also be in uential on the adhesion coef cient. It is worth mentioning that the braking
behaviour of the tyre is very similar to its tractive behaviour. Again, to generate braking force at the
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Figure 3.16 The tractive force in a quasi-steady condition

contact area, slip should take place. This time the rotational speed of tyre is lower than the corresponding
straight line speed of the wheel, therefore, the slip will be negative. The braking force can also be
determined with the Magic Formula by simply using negative slips. The overall shape of the braking force,
therefore, will be similar to that of the tractive force but mirrored relative to the origin.

3.3.3 Traction Diagrams

The tractive force is produced at the tyre road interface provided that two conditions are ful lled:

1. Atorque T, is applied at the wheel axis.
2. Slip is produced in the contact area.

In a quasi-steady condition, with reference to Figure 3.16:

Tw

fw

Fr ... 3:19

There is, however, a force limitation in the contact area of the tyre depending on the road conditions.
Equation 3.19 is valid up to the limit of tractive force:

Fr Fom 3:20

As long as the wheel torque is lower than ryFmax, a limited amount of slip will build up, otherwise if a
larger torque is applied, the wheel will spin.

Example 3.3.3

A torque of 500 Nm is applied at a wheel axis with effective radius of 35cm. The weight on the
wheel is 360 kg. Use the MF tyre with information given in Table 3.3 and determine:

(a) the tractive force available;
(b) the maximum possible tractive force and corresponding wheel torque;
(c) the value of longitudinal slip (in percentage).
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Solution

The load on the wheel in Newton is: F,...360 9.81...3531.6 N.
. 500

(a) From Equation 16: Fr ... 035 1428:6 (N).

(b) The maximum tractive force must be determined by using the MF tyre at a normal load of
3531.6 N. Arelation for the maximum force is not available, so we can use the program in Example
3.3.1to ndthewholeforce-slipdata (noplotisnecessary). Thenin MATLAB command window we
type: Fmax...max(Fx) and Enter . The resultis: Fmax... 3774.4N.

In order that this force is developed at the contact area a torque of Tmay ... 3774:4  0:35 ...
1321 Nm must be applied at wheel axis.

(c) Findingaclosedformsolutionfortheslipataspeci edforceisnotpossible. Oneway istoplotthe
variation of the tyre force versus slip and ataspeci ed tyre force, read the slip value. A trial and error
solution can also be followed by choosing a value for slip and evaluating the tyre force for it. The slip
value must be changed in such a way that the force approximates to the speci ed value. MATLAB
function fsolve is also suitable for this work. Issue the following command in MATLAB:

sX ... fsolve inline 1428:6-fx 3531:6;x ; 5; optimset Display ; off

inwhichthe inline functionde nesourequationtobesolved,i.e. Fr Fx Sx; F, ... Owithgiven
values of Fr ... 1428.6 (N) and F, ... 3531.6 (N). fx inthe command line is our earlier de ned MF
tyre functionin Example 3.3.1. Thevalue 5 isour initial guess for the S,.. The answer will appear as:

sX ... 1:36 %

This means the required tractive force is developed at a very small slip.

Assuming the wheel torque is below the limit, Equation 3.19 means the tractive force is also dependent on
the nature of the torque of the wheel. The wheel torque in general is an ampli cation of the torque of
vehicle torque generator (see Section 3.2). Denoting the ampli cation factor by n (i.e. the overall gear ratio
between the torque generator and the wheel):

Tw ... nTg I'wFmax 321
and from 3.19:
Fr .. n—Tg 3:22
My

Thus, the traction force will resemble the torque characteristics of the torque generator (Tg) multiplied by
an ampli cation factor.

Example 3.3.4
An engine torque at wide open throttle (WOT) is approximated by the following equation:
Te.. 446 10 °0%? 3:17 10 %0, 55:24; 1000 0O 6000 rpm

Plot the variation of the tractive force versus engine rpm for the overall gear ratios of 16.0, 10.5, 7.0,
4.5 and 3.0 respectively, all in a single gure. The wheel effective radius is 30 cm.
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Solution

Using Equation 3.22, a simple MATLAB program can be written to plot the required gures. The
result is shown in Figure 3.17.
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Figure 3.17 Tractive force versus engine rpm of Example 3.3.4

3.4 Resistive Forces

There are resistive forces opposing the motion of the vehicle; some exist from the start of motion and
others build up with speed. Resistive forces consume some part of engine power and reduce the speed and
acceleration of the vehicle. In order to analyze the straight line performance of the vehicle, it is necessary
to characterize the resistive forces acting on the vehicle during the motion. The resistive forces can be
categorized into three types: frictional, air resistance and gravitational. The frictional forces are
commonly called rolling resistance force. Air resistance forces are known as aerodynamic force
and the gravitational force is called grade force .

3.4.1 Rolling Resistance

As the name implies, the resistance to motion of rotating parts is summed up together and builds a total
resistive force to slow down the vehicle. The rotating parts work under two conditions: with and without
the transmission of torque. The former can be excluded from the current discussion since it deals with
the driveline power loss during torque transmission and will be treated separately in Section 3.13. The
rolling resistance term, therefore, deals only with those resistive torques during vehicle motion with the
driveline freely rolling. This includes all the rotating parts in the driveline components. The driving
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wheels are constantly connected to the driveline and their connection to the engine is controlled by the
clutch. Therefore, even when the gearbox is disengaged and left in the neutral position, the driving
wheels will rotate the driveline components except for gears inside the gearbox. The total resistive
torques of the free rotating parts can be divided into two main categories: due to friction and tyre
deformation resistance.

3.4.1.1 Frictional Torques

The frictional torques in the vehicle driveline consist of three parts:

1. bearing torques: the bearing friction terms are usually small compared with other resistive factors and
typically increase with load on the bearings.

2. gear teeth friction: friction forces at gear teeth contact points create resistive torques. These are load
dependent and thus are relatively small when no load is carried.

3. brake pads: torque resulting from the contact of brake pads with wheel disks or drums is also a resistive
factor. Even with no brake activation, there is often a small rubbing effect between the pads and discs
that results in a resistive torque. The values of such torques depend on many detailed factors in the
design of the brake.

3.4.1.2 Tyre Deformations

For a non-rolling tyre, the load W will cause a symmetrical pressure distribution around the centre of
contact area. The resultant reaction load N will act at the centre of contact region as illustrated in
Figure 3.18.

For arolling tyre, the tyre elements entering the contact region will experience a compression whereas
the trailing materials exiting the contact area will tend to stretch. The pressure on the materials in the
contact zone, therefore will tend to increase at the leading edge and decrease at the trailing edge. The
pressure distribution will be something similar to that shown in Figure 3.19. The resultant reaction force at
the ground will act off-centre closer to the leading edge.

With the resultant reaction force moving forward, it is equivalent to an opposing torque acting around
the wheel axis. This torque shown in Figure 3.20a is called rolling resistance torque (Tgg). Since the action
of the rolling resistance torque is to slow down the wheel (or vehicle), in practice, it is assumed that a
resistive force is acting at the ground level with the same effect (see Figure 3.20b). This force is called
rolling resistance force (Fgg).

Figure 3.18 Pressure distribution for a non-rolling tyre
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Figure 3.20 Rolling resistance (a) torque and (b) force

From an energy point of view, the rolling resistance is caused by the deformations of the tyre. The tyre
elements require energy to deform when they enter the contact region. Owing to the visco-elastic
properties of rubber, the tyre elements are unable to fully restore this energy when they leave the contact
region. This phenomenon is called a hysteresis effect. Therefore a net amount of energy is lost to heat
during tyre rolling and is equivalent to the work done by the rolling resistance torque or the work done by
the rolling resistance force.

3.4.1.3 Other Factors

There are also other factors besides the rolling frictions and tyre deformation that have small in uenceson
the total resistive force:

- Tyre road friction loss due to slipping of the tread compound on the ground surface, heat will be
generated.

- Aerodynamic resistance due to wheel spin. The aerodynamic resistance for the whole vehicle usually
includes the resistive force for a non-spinning wheel. However, to spin a wheel in the presence of air
requires a small amount of energy which will add to the other sources of energy loss.

- Propeller effect of wheel rim during spin. Air passing through the spinning wheel rim also adds a small
term to the energy losses.
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3.4.1.4 Influencing Parameters

Several parameters in uence the rolling resistance force. The main parameters are those which affect the
tyre or the contact surface including:

- tyre construction:
T type of tyre (radial or bias ply)
T tyre materials
T tread design
T tyre diameter

- tyre operating conditions:
T tyre pressure
T tyre speed
T tyre temperature
T vertical load
T tyre lateral slip
T tyre age

- road surface: it is worth noting that the deformations of the road surface, e.g. on soft deformable ground
requires energy and such energy losses are also considered as rolling resistance loss. Some in uencing
items are:

T road texture
T rigidity
T dryness.

The extent to which the named parameters in uence the rolling resistance has been discussed in specialist
references (e.g. [3]). An overview of the in uence of various parameters qualitatively is shown in
Tables 3.4 and 3.5.

3.4.1.5 Mathematical Representation
A mathematical formula for the rolling resistance force will help in the analysis of vehicle motion. To this

end, one can write the rolling resistance force as a function of in uencing parameters p, p,, etc., that is:

Frr ... T p1; p2; P3;- .. 3:23

Table 3.4 Effect of increasing tyre parameter values on the rolling resistance force

Parameter Diameter Pressure Speed Temperature Load

Effect # # " #

Table 3.5 Effect of tyre and road types on the rolling resistance force

Parameter Radial Bias ply Soft road Smooth road

Effect # " " #
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Finding the unknown function f, however, is not a simple task. Of the parameters mentioned earlier, some
such as diameter and construction are xed for an existing tyre, some have little importance such as
temperature and some have xed values, such as pressure. The remaining parameters are speed, load and
road type. The type and quality of roads are hard to formulate, thus, for each road type a different
formulation is necessary. The dependency of the rolling resistance force on the wheel load is of a linear
nature, thus, the ratio of rolling resistance force to the wheel load, fg is called the rolling resistance
coef cient and is independent of load:

Frr

fr ... W

3:24

The rolling resistance coef cient in general is a function of all the above-mentioned parameters, but
according to the justi cation presented, the only important parameter is the forward speed of the wheel
centre, i.e. the vehicle speed:

fr...fv 3:25

The variation of rolling resistance coef cient with speed is reported somewhat differently in various
references. The general trend nonetheless shows an increase in the rolling resistance coef cient with
speed. From an energy point of view this is acceptable since if a particular amount of energy is lost for one
revolution of the tyre, then increasing the revolutions in a time interval will increase the lost energy. The
variation of rolling resistance coef cient with speed in general can be approximated in the form of a
second order polynomial:

fR fo f1V f2V2 3:26

where the coef cients fo, f; and f, are three constants. The quadratic term, however, can be removed

since a similar dependency on speed is available through aerodynamic resistance (see Section 3.4.2). In

fact, by eliminating this term we are not disregarding this effect, but leaving it included in the

aerodynamic force term. With this justi cation, the rolling resistance coef cient can be simpli ed to a
rst order form:

fR fo f1V 3:27
Often, the dependency of the rolling resistance on speed is also ignored (i.e. f;...0) and only a
constant coef cient fy is considered for the rolling resistance coef cient. Typical ranges for the

coef cient of rolling resistance f, can be found in Table 3.6 (additional information may be obtained
from [3]).

Table 3.6 Ranges for the rolling resistance coef cient f, at low speeds

Type of vehicle Asphalt/concrete Earth road

Hard-medium Soft

Car 0.010 0.015 0.05 0.15 0.15 0.3
Truck 0.005 0.010
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Figure 3.21 Streamlines around the body

3.4.2 Vehicle Aerodynamics

The motion of a vehicle is taking place in the air and the forces exerted by air on the vehicle will in uence
the motion. Aerodynamics is the study of the vehicle motion in air and the effects include:

- internal ows: air ows through the front grills for the purpose of ventilation and cooling. Air ow
through windows and sunroof are other examples.

- ground clearance: in ground vehicles, the ground clearance is very low and causes ground effects.

- streamlining: the design of the exterior in accordance with the streamlines of air ow around the body is
of great importance in order to reduce the air resistance. For ground vehicles, however, the exterior
shape of body is dependent on several factors and streamlining is only one of them (Figure 3.21).

3.4.2.1 Aerodynamic Resistance

Aerodynamic resistance forces result from three basic effects:

1. Form resistance: The basis for this resistance force is the pressure difference in front and behind the
vehicle due to the separation of the air ow and the vortex creation behind the vehicle. The pressure in
front will be higher and a net force opposite to the direction of the air speed will be exerted on the
vehicle. The cross-sectional area of vehicle in front of the air ow, therefore, plays an important role in
this respect.

2. Skinfriction: Air coming into contact with the vehicle surface with a relative speed will apply frictional
forces opposite to the direction of motion. The surface roughness of vehicle body is an important factor
in this part of the aerodynamic force.

3. Internal ow: Air entering the internal parts of vehicle is slowed down by taking energy from the
vehicle and will cause additional resistive force on the vehicle.

The form resistance is responsible for the main part of the aerodynamic force, around 80%, whereas the
two others share the remainder at around 10% each.

3.4.2.2 Aerodynamic Forces and Moments

The aerodynamic resistance forces are not in reality discrete forces acting at speci ¢ locations, but are
actually a summation of in nitesimal forces acting at all points on the vehicle body. The result is a single
force R acting at a point called the centre of aerodynamic force, or centre of pressure Cp. In general, the
aerodynamic forces are described by a three-dimensional force system with three resolved components at
the vehicle body axes. The centre of pressure is also different from the vehicle centre of mass Cg and thus
the aerodynamic force will have moments around the vehicle axes. Figure 3.22 illustrates the aerodynamic
forces and moments.

In aircraft aerodynamics, it is a common practice to de ne other axes systems such as wind axes,
separate from the body axes. Aerodynamic forces drag, liftand sideforce are de nedas components of
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Figure 3.22  Aerodynamic forces and moments acting on the vehicle

the aerodynamic force on the wind axes. In ground vehicle applications, due to small aerodynamic angles
(in the absence of side wind), the two axes systems are often taken to be coincident. With this assumption,
therefore, the components of force in the negative directions of x, y, and z axes are drag, sideforce and lift
respectively. As far as the longitudinal motion of the vehicle is concerned, the most important
aerodynamic force is the drag force opposing the motion. The lift component can alter the normal
loads of the tyres and will therefore also be indirectly in uential.

3.4.2.3 Mathematical Representation

It is common practice to express the aerodynamic forces and moments in terms of dimensionless
coef cients. In general, any aerodynamic force is written in the basic form:

Fa .. QCEA” 3:28

where Ck is aerodynamic force coef cient and stands for drag Cp, sideforce Cs and lift C_ coef cients
respectively. A™ is the characteristic area for the vehicle and it is taken as the frontal area Ae (also called
the projected area). q is called dynamic pressure and is:

1

q.. -4 3:29

2
in which r, is the air density that is dependent on the ambient conditions. Under the standard conditions
of 1 atmosphere (1.013 bar, 10132.5 Pa) at sea level and a temperature of 15 C (288.15 K), the air density
is 1.225 kg/m®. The air density can be approximately calculated from:

ry o 0:0348$ 3:30
with p in Pascal and T in Kelvin (273.15 C).

The velocity va in Equation 3.29 is called the air speed and is the magnitude of speed of air relative to
the vehicle body. In order to calculate the air speed, information on the wind velocity is also necessary.
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Figure 3.23 De nition of air velocity vector v
Let us assume a wind speed vyy is acting at angle cyy relative to the geographical north (see Figure 3.23).
A vehicle is travelling at a speed of vy in the direction of cy. Vector v, is the air velocity and can be
determined as:

Va ..V Wy 3:31

v can also be obtained graphically as shown in Figure 3.23.
The aerodynamic moments are expressed as:

Ma ... gICyA” 3:32

where | is the characteristic length and for the vehicle usually the wheelbase is considered. Cy, is the
moment coef cient and represents C,, C, and C,, for roll, pitch and yaw moments respectively.

Example 3.4.1

Avehicle is travelling with a constant speed of 100 km/h. Determine the air speed for a wind speed
of 30 km/h, for: (a) a head wind; and (b) a tail wind.

Solution

It can be assumed that the vehicle velocity vector has a zero angle (cy ... 0), thus for case (a) the
head wind, cy ... 180 and from Equation 3.31:

Va .. 30 100.. 130km=h opposite to the direction of motion
For the tail wind of case (b) cy ... 0 and similarly:
Va ...30 100.. 70km=h opposite to the direction of motion

Graphical representations are also shown in Figure 3.24.
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Figure 3.24 Graphical solutions for Example 3.4.1

Aerodynamic forces are dependent on several parameters, such as the body geometry, ambient conditions
and airstream properties. The geometry of the vehicle body includes its shape and dimensions. The latter
was already considered as the characteristic area, and the vehicle wheelbase was considered as the
characteristic length for the aerodynamic moments. The main in uential ambient parameter is the air
temperature that in uences the air density and directly alters the aerodynamic forces.

The airstream properties include air speed and its direction relative to the body coordinates. When the
airstream is at an angle to the vehicle forward axis, this angle is called the angle of attack. This angle also
has an in uence on the magnitude of the aerodynamic force. In order to account for these in uential
parameters, the dimensionless parameters Reynolds number (Re) and Mach number (M) are used. In
general, the force (or moment) coef cients Cg (Cy,) are a function of these parameters as well as angle of
attack a and sideslip b (see Figure 3.22), i.e.:

Ce..TRe;M;a; b 3:33

In vehicle motion the Mach number is always of a small range of less than 0.2, and the variation of the
Reynolds number is also very small. In the case of longitudinal horizontal wind, both angles a and b are
small and under these circumstances, the force coef cient is virtually a constant. Itis, therefore, practical
to consider constant force or moment coef cients for the vehicle.

Example 3.4.2

A vehicle with frontal area of 2.0 square metres has drag coef cient of 0.38. Plot the variation of
aerodynamic drag force at the standard ambient condition and in still air up to a speed of 200 km/h.

Solution

The air density at the standard condition is 1.225 kg/m® and the aerodynamic force is:

Fa..055 1:225 0:38 2.0 V2 .. 0:4655v%

The variation of this force with speed can be plotted easily in MATLAB. The result is given in
Figure 3.25.
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Figure 3.25 Variation of aerodynamic force for vehicle of Example 3.4.2

Example 3.4.3

For the vehicle in Example 3.4.2, calculate the aerodynamic force at a speed of 100 km/h and
examine the changes in the drag force for head and tail winds of 20, 30 and 40 km/h.

Solution

From the equation for the drag force found in the previous example, the force at 100 km/h is 359.2 N.
For the head and tail winds the drag forces simply are 0:4655  100=3:6 vy % and
0:4655  100=3:6 vy 2. The results are compared in Table 3.7.

Table 3.7 Air drag forces (N) for Example 3.4.3

Wind speed (km/h) 0 20 30 40

Head wind 359.2 517.2 607.0 704.0

Increase (%) 0 44 69 96

Tail wind 359.2 229.9 176.0 129.3

Decrease (%) 0 36 51 64
3.4.3 Slopes

The gravitational force on a slope will act in opposite directions for uphill and downhill motion of the
vehicle. With reference to Figure 3.26 for a slope of angle y relative to horizontal, the gravitational force
simply is:

Fc .. Wsiny 3:34
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Figure 3.26  Gravitational force

The positive and negative signs are for the downhill and uphill motions respectively. The gravitational
force is a constant force as long as the slope is constant.

The slope is often expressed as a percentage rather than an angle. It is the tangent of the angle of the
slope multiplied by 100:

slope % .. 100 tany 3:35

It should be noted that in vehicle motion on a slope, the normal reaction force will also change and the
rolling resistance force will be altered accordingly:

Frr ... fR W cosy 3:36

3.4.4 Resistance Force Diagrams

The total resistive force is the summation of the rolling resistance, aerodynamic and gravity forces:
Fr..Frr Fa Fg 3:37

Of these forces, the gravity force is constant and the two others are speed-dependent.

Example 3.4.4

Use the information in Example 3.4.2 and for a vehicle of mass 1200 kg, consider a constant rolling
resistance coef cient of 0.02.

(a) Plot the total resistive force for speeds up to 200 km/h at slope of 10% and specify each
component.
(b) Plot the total resistive force for slopes of 0, 10, 20, 30, 40 and 50% all in a single gure.

Solution

The results are obtained by making simple use of Equations 3.28, 3.34, 3.36 and 3.37. Plots for
(a) and (b) are shown in Figures 3.27 and 3.28.




140

Vehicle Powertrain Systems

Total resistive force (N)

3000

2500

N
o
o
o

1500

Resistive forces (N)

1000

500

e

P

Total resistive forc /

/

Gravity

Rolling Resistance

50 100

Vehicle sp

150
eed (km/h)

Figure 3.27 Resistive forces at level road

200

7000
50% ibgi'//
6000 e -~
_/ /
40% slope
5000 -
30% slope /
4000
20% slope
3000 gy
10% slope /
2000 ——
/ /
1000 Zero slope /
_/
0
0 50 100 150 200
Vehicle speed (km/h)

Figure 3.28 Total resistive force at different slopes




Vehicle Longitudinal Dynamics 141

3.4.5 Coast Down Test

Avehicle coast down test is designed to experimentally measure the resistive forces including the rolling
resistance (see Section 3.4.1) and aerodynamic drag. In a coast down experiment the vehicle is accelerated
up to a high speed and then with the drivetrain disengaged, it is allowed to slow down under the action of
the resistive forces. In general, the resistive forces depend on environmental and road conditions (e.g.
temperature, wind, road surface and type). Therefore, under standard conditions, usually in still air and on
a level road of suf cient length, useful information of vehicle speed variation with elapsed time can be
obtained. This information then can be processed in order to estimate the rolling resistance and air
resistance forces. Simple methods for the estimation of the resistive forces from speed-time data are
discussed in Section 3.12.

3.5 Vehicle Constant Power Performance (CPP)

Modelling the longitudinal performance of a vehicle in general driving conditions is quite complicated
when the engine throttle and gearbox ratios vary during motion. Simple models are used in the rst
instance to facilitate the analysis and understanding of the vehicle performance. One useful approach is to
assume that the vehicle uses constant power to accelerate up to its maximum speed, corresponding in
practice to full throttle acceleration. Later on it will be revealed that such acceleration is not a constant
power motion, nonetheless, the assumption of constant power simpli es the equations of motion initially
and provides a simple workable model for rough calculations.

3.5.1 Maximum Power Delivery

There have been arguments about how a power source can deliver maximum power as a function of its
rotational speed. We shall examine this by the following mathematical procedure.

Consider a power source with output speed o that is a function of time t. As shown in Figure 3.29, the
output torque T is a function of speed. Therefore:

Po ..oT o 3:38

In order to obtain maximum power output, we are interested to nd a speed at which the power is at
maximum. To this end, Equation 3.38 can simply be differentiated with respect to speed o:

dP dT
do To o%... 0 3:39
or:

d—T d_o 3:40
To (o)

TC) ® 1)

yad

—(

» (1)

Figure 3.29 A power source with output torque characteristics
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This is a differential equation that relates the output torque to the speed. Integration of Equation 3.40
results in:

InNnT..C Ino 3:41

where C is the constant of integration. If C ... In Py is assumed, then Equation 3.41 can be rewritten as:

InT ... In& 3:42
o

or,
Pp..oTo ..Po 3:43

Equation 3.43 apparently implies that to deliver a maximum power from a source, it must be a constant
power Pq. This statement by itself is false, since the power P, does not have to be the maximum power
and can have different values. So what is wrong with the mathematical approach for the analysis? One
must recall that the differentiation as performed in Equation 3.39 was only a necessary condition
to obtain the maximum, and to ensure the existence of the maximum, there is also a suf cient
condition, namely:

il

io? <0 3:44

In the case of our problem, one can simply show by using Equations 3.39 and 3.40 that:

d?p

do? 3:45

which means this point is not a maximum, nor a minimum, but a critical point. Thus this analytical
approach does not lead to any workable conclusion on the way a power source can deliver maximum
power. The discussion of this section is aimed at demonstrating that the idea of a constant power delivery
does not relate to the maximum power delivery of a power source as is sometimes claimed. The constant
power that is considered in the following sections can be any desired value of power.

3.5.2 Continuous Gear-Ratio Assumption

A geared transmission with clutch shifts causes discontinuous torque ow to the wheels and, in turn,
delivers discontinuous tractive forces, and hence acceleration. Figure 3.30 shows a typical acceleration
time history of a vehicle equipped with a manual transmission. When rst gear is engaged, the vehicle
accelerates up to a speed at which the engine rotation speed is too high and a gearshift is necessary. During
the gearshift from rsttosecond gear, the clutchis rstdisengaged, gearshifted, and the clutch re-engaged.
This process will take some time during which there will be no tractive force available but the resistive
forces are still acting on the vehicle. This situation will result in a temporary negative acceleration, as
can be seen from Figure 3.30. During other gearshifts the same phenomena will result in discontinuous
vehicle accelerations.

We will eventually obtain vehicle performance curves similar to Figure 3.30, but  rstitis more effective
to start with simpler models. The main complexity involved in the general case arises from the gearshift
process. One simple and useful assumption is to consider a transmission with continuous gear changing
property; in other words, in nite gear ratios and continuous gear ratio changing. This assumption will lead
to having a continuous torque ow and corresponding uninterrupted vehicle acceleration.
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Figure 3.30 Typical time history of vehicle acceleration

The constant power assumption may be considered as a single torque-speed point for the engine. In fact,
when the power is unchanged, the optimum operating point for the engine can be chosen at this speci ¢
power. This means the engine works at a particular torque and speed values denoted by 0™ and T, . Atsuch
a point the engine power Pg is:

*

Pe .. TeOe .. T,0" .. P" .. cte 3:46

in which T_ is engine torque in Nm, and P, and 0" are in Watt and rad/s respectively.
At this engine speed, the vehicle moves ahead with an in nitely variable gear ratio and no shift delays.

From a simple kinematic relation one can relate the wheel rotational speed o, to the engine rotational

speed Og ... 0" by:

o

n

Oy ... 3:47

in which n is the overall vehicle gear ratio, that is the gearbox gear ratio nq times the differential ( nal
drive) gear ratio ny, i.e. (see Figure 3.31):

n ... Ngng 3:48

Now if it is further assumed that there is no slip for the driving wheels when they roll on the road surface,
with reference to Figure 3.32 it is clear that the vehicle speed can be written as:
o'ry
V.. Oylhy..—— 3:49
wlw ngnf

where r,, is the effective rolling radius of tyres. Equation 3.49 simply shows that the vehicle speed is
inversely proportional to the transmission gear ratio.
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Figure 3.32 The pure rolling of a wheel

It should be noted that the assumption of no slip for the tyre is strictly in con ict with its force-
generating mechanism which depends on slip (see Section 3.3.1). Nevertheless, including slip in the
analysis will cause dif culties we would like to avoid at this stage.

3.5.3 Governing Equations

The mathematical representation of vehicle motion involves the application of Newton s laws of motion
to the vehicle. For our case, the motion of interest involves the longitudinal motion properties including
the acceleration, speed and distance travelled. Newton s second law of motion is suitable for this problem
of a unidirectional motion of the vehicle centre of mass. In Sections 3.3 and 3.4 the tractive and resistive
forces acting on the vehicle were explained. The vehicle motion will be the result of interaction between
these forces. The longitudinal vehicle motion involves a multitude of situations with different driving and
resistive forces. For a moving vehicle the tractive forces are generated at tyre contact patches. The total
tractive force F+ is the sum of individual driven tyre forces. The total power consumed due to the forward
motion of vehicle with speed v is:

P, .. Frv 3:50
The power available at the driving wheels is:

Pw ... TwOw 3:51
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Due to driveline losses we must have:

Py <Py <Pe..P 3:52
in which Py is the engine power and it was assumed to remain a constant value P*. Equation 3.52 indicates
that the power generated by the engine is not fully utilized and some part is lost due to friction in the
vehicle driveline system. To include this effect we must consider the driveline ef ciencies in our
equations. In order to simplify the equations of motion, we will ignore this effect for the time being and it
will be included later on in Section 3.13. For an ideal driveline with 100% ef ciency, all three power values
are equal:

P, ..Py..Pe...P"

3:53
Therefore P” is the constant power delivered to the driving wheels and from Equation 3.50:
p*
Fr..— .. fv 3:54
\

This equation shows that the traction force depends only on the forward speed in an inversely proportional
fashion. The variation of F+ versus speed in Equation 3.54 at different power outputs is depicted in
Figure 3.33.

Note that Equation 3.54 implies that at low vehicle speeds, the tractive force mathematically becomes
in nite. In practice, however, the tyre force is dependent on the tyre road friction coef cientand slip ratio
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Figure 3.33 The variation of total tractive force with vehicle speed
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Figure 3.34 Tractive force versus speed including tyre traction limit

and there will be a maximum tractive force available for the tyre. If this limit is imposed, the total tractive
force-speed diagram will be similar to Figure 3.34.

With this constraint in force, the tractive force will no longer remain uniform and it must be divided into
two regions of limit adhesion and constant power. For the sake of simplicity this constraint will also be
ignored for the time being and the amount of error induced with this assumption will be examined later in
this chapter.

Now Newton s Second Law is applied to the longitudinal motion of vehicle with reference to the

free body diagram of the vehicle shown in Figure 3.35. The longitudinal equation of motion
simply is:

dv
F Fr..m— :
T R mdt 3:55

Figure 3.35 Free body diagram of a vehicle
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Table 3.8 Assumptions involved in derivation of Equation 3.58

There is a constant power demand from the engine during entire motion

The vehicle gearbox has in nite gear ratios, changing continuously during vehicle motion
The driving wheels roll and there is no slip at road surface

There is no power loss in the vehicle driveline

Tyres can produce very large tractive forces

Rolling resistance force is a constant in all speeds

There is no wind during vehicle motion

with:
Fr..Frr Fa Fg 3:56

Substituting for the resistive forces Frg (Section 3.4.1), F4 (Section 3.4.2) and Fg (Section 3.4.3), will
lead to:

. d
Fr W frcosy siny 0:5rACDAFv,2_\ md—\t/ 3:57

In most elementary performance analyses, a constant rolling resistance coef cient is considered and with
this assumption and using Equation 3.54, the nal form of the longitudinal equation of motion of the
vehicle will be:

dv P”
m—..— Fy o 3:58
dt v o o
where ¢ and Fg are two constants de ned below:
C ... 0:5r,CpAr 3:59
Fo ... W frcosy siny 3:60

It should be noted that in Equation 3.58 the air speed v, is replaced with the vehicle speed v for conditions
of still air with no wind.

Equation 3.58 is an ordinary differential equation in terms of the forward speed v of the vehicle. The
time history of vehicle velocity will result from the integration of this equation.

It should be noted that Equation 3.58 was obtained under certain assumptions summarized in
Table 3.8.

3.5.4 Closed Form Solution

Equation 3.58 can be rearranged as:

g, M. 3:61

|'U
m
o
(9]
<

R
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Then, integration by separation of variables leads to:

gL mdv 3:62

P 2
~ Fo cv

It can be shown that the governing equation of longitudinal vehicle motion will be of the form:
ViV 2V,
t.kinp—— kArctanp— G 3:63
V2 owy, a da V2

in which vy, is the real root of the third order polynomial:
o Fov PT..0 3:64

C.in Equation 3.63 is the constant of integration and must be calculated by introducing an initial condition
(e.g.att...0, v...0), and the three constants a, k; and k, are given below:

P
a.. — 3:65

CVin

m Vin
ki . — 3:66
! c 22 a
2

Ky .. —p 23 Vi 3:67

= 2
c 4a V& 2vy a

Although Equation 3.63 provides a mathematical solution to the vehicle longitudinal motion, it is in the
unusual form of t... f(v) instead of the more useful v ... f(t) form. In order to solve for speed vs time,
therefore, this non-linear equation must be solved by iteration techniques.

Example 3.5.1

For a vehicle of mass 1000 kg, the rolling resistance coef cient, overall aero-drag coef cient
(Equation 3.59) and engine power are 0.02, 0.4 and 60 kW respectively. On a level road, determine
the time history of vehicle speed starting at standstill.

Solution

With the given initial condition of starting from rest, the constant of integration is determined. In
order to avoid iteration, instead of evaluating speed for a given value of time, with increasing the
speed from zero to the maximum speed, the corresponding times can be calculated. The maximum
speed is vy, and should be determined by solving Equation 3.64. A MATLAB program is prepared
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for this example with listing given in Figure 3.36 and several comments included to make it
explanatory. The result is depicted in Figure 3.37.

% Example 3.5.1
% Analytical solution of vehicle longitudinal motion

clc % Clears working space
close all % Closes previously opened (figure) windows
clear all % Clears all memories for variables

% \ehicle information:

m=1000; % Vehicle mass (kg)

c=0.4; % Aerodynamics overall coefficient
fr=0.02; % Rolling resistance coefficient
Ps=60000; % Input power (watts)

theta=0; % Angle of slope (rad)

% Determine the total constant resistive force:
FO=(fr*cos(theta)+sin(theta))*m*9.81;

% Solution of 3rd order polynomial c*v*3+F0*v-p=0 (Eq. 3.64)
r=Ps/c/2;

q=F0/c/3;

d=sqrt(q"3+r"2);

s1=(r+d)"(1/3);

tl=sign(r-d)*abs(r-d)"(1/3);

vm=s1+tl; % vm is the real root

% Pre-calculations:

cl=c/m;

a=Ps/c/vm; % Also a=s172+t172-s1*t1

c2=vm/(2*vm"2+a);

c3=sqrt(4*a-vm"2);

c4=(vm+2*a/vm)/c3;

kl=-c2/c1; k2=k1*c4, % Coefficients of Equation 3.63

% Set initial condition: @t=0, v=0
t0=0; v0=0;

% Determine the constant of integration:
C=t0-k1*log((vm-v0)/sqrt(v0"2+vm*v0+a))-k2*atan((2*v0+vm)/c3);

for i=1: 200
v(i)=vm*i/200;
sql=sqrt(v(i)*"2+vm*v(i)+a);
t(i)=k1*log((vm-v(i))/sql)+k2*atan((2*v(i)+vm)/c3)+C;
end

% Plot the variation of speed versus time

plot(t,v)

xlabel("Time (s)") % Label for time (Horizontal axis)
ylabel("Velocity (m/s)?) % Label for velocity (Vertical axis)
grid % Horizontal and vertical grids

Figure 3.36 MATLAB program listing for Example 3.5.1
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Figure 3.37 Variation of speed versus time for Example 3.5.1

3.5.5 Numerical Solutions

In spite of the availability of a closed form solution for the problem, numerical solutions are often
advantageous. Nowadays with the widespread availability of computer software, it is not dif cult to set
up a program and solve the problem numerically. Equation 3.58 for the vehicle acceleration can be
written in the form:

Fo o 3:68

which is an ordinary rst order differential equation for the velocity v and can be integrated numerically by
using well established numerical methods such as the Runge-Kutta method. Different software packages
provide this routine for programmers and MATLAB is a good example which has a family of functions called
ode (standing for Ordinary Differential Equations). One of these functions called ode45 is a medium
order method suitable for solving non-stiff differential equations. Using this routine is quite straightforward
and will suf ce for our case. In order to become familiar with using this function, Figure 3.38 shows two m
les, one as the main program and the other as a function to be called within the main program. As shown in
Figure 3.38, the main program consists of ve parts, whereas the function consists of three parts. The main
program introduces values for the main parameters and sets the initial values (e.g. at timett ... 0) for the main
variables. MATLAB starts integrating the differential equation given in the separate function , starting from
time t0 and ending at time tf . An internal MATLAB function ode with input arguments will call the
differential equation available in function and once the integration process is complete, it will return the
result. In other words, the user does not have access to the intermediate steps of the integration process.
A detailed program listing for the solution of the differential Equation 3.68 is presented in Figure 3.39.
It is worth noting that the values for the parameters are also needed in the function , so one way is to
provide the vehicle information inside the function itself. Another way is to give the information in the
main program and then share them with the function by using global statement. One more point is to
note that the value of dv/dt approaches in nity atv ... 0, due to division by zero in p/v term. To avoid this,
we can set the initial value of velocity to a very small value close to zero. MATLAB uses a variable called
eps for this purpose (eps ... 2.2204e-016).
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Main program

Part 1:
Initialize and share information with related function
Part 2:
Enter the vehicle information
Function
Part 3:
Defineinitial conditions and integration time span Part 1:
Define the function and the inputs-outputs
Part 4:
Invoke ode45 routine to solve for velocity versustime Part 2:
(Functioniscalled internally by thisline) Share the information with the main program
Part 5: Part 3:
Plot the results Write the differential equation to be solved

@ (b)

Figure 3.38  Structure of programming for numerical integration by MATLAB: (a) main program and (b) function

% main.m

% A sample program to solve Constant
% Power Performance (CPP)

% of vehiclesin longitudina motion

clc, closeadl , clear dl

global PcFOm 9% Shares these information with
% function const_pow

% Vehicle information:
(see Example 3.5.1)

% Determine the total constant resistive force:
FO=(fr* cos(theta)+sin(theta))* m* 9.81,

% Initia condition:
% Initial velocity cannot be 'zero' due to ‘division
% by zero' in P/v term

vO=eps,

% define differentiation interval tO-tf:

10=0; t=10; % Function called in main program ‘ main.m’
% Now invoke ode45: function f=const_pow(t,v)
[t,v]=0ded5(@const_pow, [tO tf], v0);

% Calls‘const_pow’ function global P ¢ FO m % Shares these information
% Plot the variation of velocity versus time % with main program

plot(t,v)

xlabel(‘Time ()" % define differential equation to be solved
ylabel ('Velocity (m/s)") % (f=dv/dt)

grid f=(PIv-FO-c*v"2)/m;

@ (b)

Figure 3.39 MATLAB programs (a) Main program main.m and (b) Function const_pow.m
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Example 3.5.2

For the vehicle of Example 3.5.1, use the program of Figure 3.39 and nd the variation of vehicle
velocity for the rst 80 seconds.

Solution

The solution is found by entering the vehicle data into the MATLAB program. The variation of
velocity versus time resulting from this program is shown in Figure 3.40. It can be seen the result is
similar to that obtained by the closed form solution given in Figure 3.37.
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Figure 3.40 The result of numerical solution to Example 3.5.2 using MATLAB

3.5.6 Power Requirements

The value of the engine power is one of the rst requirements in the initial design stages. With a constant
power assumption, one can easily evaluate the power necessary for a speci ¢ performance requirement.
Very rough estimations can be found by using no resistive force (NRF) model (see Problem 3.3) or

low speed (LS) model (see Problem 3.5). For a more accurate power calculation, the general form of the
equation of longitudinal motion must be solved.

In the general case, two approaches can be followed; using the closed form equation or numerical
integration. In the rst approach, Equation 3.63 is used to obtain the power P for given t and v values.
Obviously this must be done by applying a trial and error technique. MATLAB s function fsolve can
be used for this purpose. It nds a solution P that satis es Equation 3.63 for given values of t and v.
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It should be noted that to initiate the fsolve function an initial guess is required. A proper initial value
must satisfy Ps > kW cv? v (see Equation 3.64). The following example shows how to use fsolve
for this problem.

Example 3.5.3

For a vehicle of 1000 kg mass, total rolling resistance force Fy ... 200 N and overall aerodynamic
coef cient of 0.4, obtain power necessary to reach a speed of 100 km/h during a 10-second
acceleration starting from rest.

Solution

The MATLAB program listings used for the solution of this example are given in Figure 3.41.
Figure 3.41a is the main program and Figure 3.41b is the function that includes the equation
f (P, t, v)...0. The result obtained from this program is P_star ... 46,097 W.

% Example 3.5.3
% Find a power P to have a desired speed v* at a desired time t*

cle, clear all, close all
global ¢ k m t0 vO td vd

% Vehicle information:

m=1000; % Vehicle mass (kg)

¢=0.4; % Aerodynamics overall coefficient
FO0=200; % Rolling resistance force
theta=0; % Angle of slope (rad)

td=10; % Desired time (s)

vd=100; % Desired speed (km/h)

% Initial conditions: @t=0, v=0

t0=0; v0=0;

vd=vd/3.6;

% Define the coefficient of constant resistive force:
fr=F0/m/9.81;
k=(fr*cos(theta)+sin(theta))*m*9.81;

% Initial guess for P_star:

Ps=(FO+c*vd"2)*vd+1,;

% Invoke ‘fsolve’ for function ‘f_353’
P_star=fsolve(@f_353, Ps, optimset('Display','off"))

(@

Figure 3.41 MATLAB programs (a) Main and (b) Function for Example 3.5.3
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function f=f_353(Ps)
global ¢ k m t0 vO td vd

% Solution of 3rd order polynomial c*v*3+k*W*v-p=0
See Example 3.5.1

% Pre-calculations:
See Example 3.5.1

% Determine the constant of integration:
sql=sqrt(v0"2+vm*v0+a);
C=t0-k1*log((vm-v0)/sql)-k2*atan((2*v0+vm)/c3);
sql=sqrt(vd"2+vm*vd+a);
f=k1*log((vm-vd)/sql)+k2*atan((2*vd+vm)/c3)+C-td;

(b)

Figure 3.41 (Continued)

Alternatively, the equation of motion (Equation 3.68) can be solved by the numerical integration, but
as observed in Section 3.6.5 the solution requires the power as an input. In fact, the process examined
earlier was to obtain the speed values from a given power value. Here, the process is reversed as the
power P is needed for a required speed v" at a speci ed time t*. Thus in order to calculate the power, an
iteration loop must be performed in the numerical integration process. The result in one iteration
process will be a value v, for speed at time t*; if v, happens to be equal to the speci ed speed v*, then the
given power P is the answer. Otherwise P must be modi ed until the speed obtained from iteration
process equals Vv".

Example 3.5.4

Repeat Example 3.5.3 by using the numerical integration method of Section 3.5.5.

Solution

The MATLAB program of Section 3.5.5 can be modi ed to include the iteration loop. MATLAB
command while can be used for this purpose. The program will repeat the instructions inside the
loop until the condition in the while statement is not satis ed. The modi ed program is shown in
Figure 3.42.

The output result of this program is printed as:

maxyv ... 27:7768 100 km=h
P .. 4:6022e 004 46;022w
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% Example 3.5.4
% Power estimation using numerical integration technique based on Figure 3.39

% Vehicle information:
See Example 3.5.3

vO=eps; % Initial condition
t0=0; tf=10; % define differentiation interval tO-tf

% Initia value for Power:
Ps=(FO+c*vd"2)*vd+1;

% Iteration loop:
maxv=0;
% Continue iteration until the speed is very close to desired value ‘vd’

while abs(maxv-vd) > 0.001 % The answer is acceptable within a small tolerance

% Now invoke ode45:
[t,v]=oded5(@const_pow, [tO tf], v0); % Calls‘const_pow’ function

maxv=max(v);
% Check for velocity:
if maxv <vd % then increase power to increase velocity
P=P*vd/maxv;
else % decrease power (with a different rate) to decrease velocity
P=0.9* P* maxv/vd,
end
end
% At this point results are acceptable, so print them:
maxv, P

Figure 3.42 MATLAB program for power calculation of Example 3.5.4

3.5.7 Time of Travel and Distance

Two important parameters in the vehicle motion are the time duration and the distance the vehicle travels
during that time. In this section the equations of motion will be used to nd these two parameters. The
required time to achieve a speci ed speed can simply be determined by the direct use of the result of
the closed form solution given in Equation 3.63. Alternatively, the numerical integration method can also
be used to obtain this time value but the process needs a while loop. In fact, the travel time was already
obtained from the numerical integration of the equation of motion. The integration methods advance the
time by small steps to the nal integration time t; that is the vehicle s total travel time at the end of the
integration process. In other words, in such processes the time is pre-selected and velocity is calculated at
the end of that speci ed period. In the numerical method, therefore, the travel time at a desired speed can
be obtained from the time history of motion that is in the form of vehicle speed versus time. Alternatively
by using a while statement, the time can be obtained directly. For the determination of the travelled
distance S, the following relation can be used:

vdv ... adS 3:69
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and after substituting from Equation 3.58, one obtains:

mvdv

as..7/—m—m— 3:70
B R oo

which is similar to Equation 3.61 and can be integrated similarly. The result reads:

P a P 2V v,
S. . Vpkilnvy v V2w, a v—klln V2w, a k3Arctan194—m2 Cs 371

with:

Vi a
ks3.. p*—— k; 3:72
4a V2

and Cs is the constant of integration. Alternatively, to calculate the distance of travel using numerical
integration, instead of using the approach of Equation 3.69, it is recalled that velocity is the derivative of
travelled distance, that is:

ds
T vt 3:73
This adds another ordinary differential equation to the one existing before for the velocity (i.e.
Equation 3.68). For the numerical integration, the number of differential equations does not make
any difference, in fact, the procedure of numerical solution is similar when a set of differential
equations are present. In the MATLAB program of Section 3.5.5, only a few changes listed below
are necessary:

() Thetwo variables must be put together in asingle raw matrix (array). Let thisarray be called x. Then x
includes two variables v and S:

X..WS 3:74

Throughout the program v should be replaced with x.
(b) An initial condition must be given for the vector x. For instance, if the motion is started from the rest
at origin, then:

Xo ... heps 0 3:75

(c) In the separate function le, the additional differential equation has to be included (i.e.
Equation 3.73).

(d) To plot the results, the command plot(t, x) plots both variables in one single gure. In order to
separate the two plots one must specify how to plot the results.

Changes necessary to the program of Section 3.5.5 are listed in Figure 3.43.
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% Changes to main.m to include ‘Distance’

% Initial condition:
x0=[eps 0];

% Now invoke ode45:
[t,x]=0de45(@const_pow, [t0 tf], x0); % Note that x replaces v

% To plot the variation of velocity versus time:
% First define which part of x is velocity:
v=x(:, 1);

plot(t,v)

% Or alternatively: plot(t, x(;, 1))

% To plot the variation of distance versus time:
s=x(:, 2);

plot(t,s)

% Or alternatively: plot(t, x(:,2))

% Necessary changes to the function
function f=const_pow(t,x) % X replaces v

% Define differential equations to be solved (f=dx/dt).
% X is a vector, so f must be vector too
% Define v:
v=x(1);
f1=(p/v-f0-c*v"2)/m;
f2=v;
% f must be a column vector, so:
f=[f1
f2];

Figure 3.43 Changes required to the MATLAB program of Figure 3.39

Example 3.5.5

For the vehicle of Example 3.5.1, when starting to accelerate from standstill, nd:

(a) the time of travel;
(b) the distance travelled when the speed is 100 km/h.

Use both closed form and numerical integration methods.

Solution

(a) Bydirectevaluation of Equation 3.63 with the data of Example 3.5.1 the time value 0of 7.326 s is
obtained for the closed form solution. For the numerical method, the result of Example 3.5.2 can be
used and at the speed of 27.78 m/s the time can be read from Figure 3.40. In the MATLAB
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environment by zooming in around the speci ed speed, (or by using the data cursor in the gure
window) the value of time is obtained as 7.328s. For a direct solution using the numerical
integration, a while statement could be used as was shown in Example 3.5.4 but this time to obtain
t instead of P. The check for velocity segment in the program is changed to:

if maxv < vd % then increase time of integration to increase velocity
tf...tf vd/maxv;

else % decrease time (with a different rate) to decrease velocity
tf...0.8"tf" maxv/vd;

end

and the result is obtained as:
tf ... 7:326 s at maxv ... 27:7771 100 km=h

(b) A similar approach used in (a) for the time is also applicable for the distance. To obtain the
solution by the closed form method for the distance travelled, Equation 3.71 results in 139.02 m.

The numerical solution using program listings of Figure 3.43 produces the time histories of
speed and distance depicted in Figure 3.44. At a speed of 100 km/h the travel distance can be
read approximately. By zooming in the gure, (or by using the data cursor in the gure
window) the value is 139 m. Alternatively, the while loop given above can also be used to
obtain the distance. In fact, the distance and time are produced simultaneously. The result is
139.01m.
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Figure 3.44 Results obtained from the MATLAB program with changes speci ed in Figure 3.43
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3.5.8 Maximum Speed

The maximum speed of vehicle is one of the important factors in the performance analysis. The
acceleration of the vehicle shows the increase of the vehicle speed vs time. The maximum speed will
occur when the resistive forces equal the tractive force available. Mathematically this means:

dv

— .. 3:76
dt

This also means a steady-state condition for the vehicle motion. From the equation of motion of the
vehicle, it is clear for such a condition that:

FT t FR t .0 377

Since both tractive force F and resistive force Fg are changing by the time, there will be an instant t* in
which both forces attain equal values. At this instant the vehicle speed will reach its maximum. If the
variation of tractive and resistive forces is drawn in a single gure, the intersection point will indicate the
instant t™. The tractive and resistive forces are functions of velocity v, so a diagram can be constructed for
the variation of the forces against velocity. The tractive force for CPP was given in Equation 3.54:

Frv .. — 3:78

and the resistive force Fr(v) depends on the assumptions made for the rolling resistance force. For a
constant rolling resistance force foW (see Section 3.4.1.5), Figure 3.45 shows the variation of the tractive
and resistive forces in a single diagram. The maximum speed of the vehicle is reached where the two
forces balance each other. This point is the intersection point of F+(v) with Fg(v). For the speci ¢ condition
shown in Figure 3.45, the maximum speed is reached exactly at 50 m/s (180 km/h).
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Figure 3.45 The intersection point of tractive and resistive forces gives the maximum speed
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To obtain the maximum speed of the vehicle a mathematical solution can also be obtained from
Equation 3.77 after substituting the relevant terms for the tractive and resistive forces:

*

P
5 Fo o 3:79

A closed form solution for Equation 3.79 is in the following form:

Vmax ... € h 3:80
in which:
1
e.. a ds3 3:81
1

h..sgna dja dj3 3:82

p*
a.. % 3:83

Fo
b..— 3:84

3c
d.. a® p*% 3:85

Alternatively, Equation 3.79 can be solved numerically using MATLAB functions fsolve or roots . The
following example will use both methods.

Example 3.5.6

For a vehicle with engine power of 60 kW, constant rolling resistance force of 200 N and overall
aerodynamic force coef cient of 0.4, determine the maximum speed:

(a) Use Equation 3.80.
(b) Use MATLAB s fsolve function.

Solution

Ina MATLAB program shown in Figure 3.46, both methods are used one after the other. Both will
display 50 m/s for the maximum speed.
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% MATLAB program to determine Max speed for CPP

Ps=60000; % power in watts
f0=200; % rolling resistance force (N)
c=0.4 % total aero force coefficient

% Case (a): Use Equation 10:
a=Ps/c/2;

b=f0/c/3;

d=sqrt(b"3+a"2);
e=(a+d)N(1/3)

amd=a-d,;
h=sign(amd)*abs(amd)"(1/3)
vmaxl=e+h

% Case (b): Use MATLAB function ‘fsolve’

% define in-line function:
fun=inline('60000-200*v-0.4*v"3', 'V');

% Initial guess for ‘v’, vO

v0=20;

vmax2=fsolve(fun, v0, optimset('Display’,'off"))

Figure 3.46 MATLAB program to solve for vehicle maximum speed

3.6 Constant Torque Performance (CTP)

In the previous section we discussed a simpli ed longitudinal acceleration performance of the vehicle.
The major assumption was to consider a constant power demand from the vehicle during the entire motion.
This was to simulate a constant load (including the full load) acceleration in which the vehicle is assumed
to demand xed power. In practice, the power demand of the vehicle, however, depends on the torque-
speed combination during the acceleration. It is, therefore, necessary to take into the consideration the
torque generator s characteristics as well as the vehicle parameters.

There are circumstances in which the torque of the power source is almost constant. Two examples are
electric traction motors in their constant torque phase of operation (see Figure 3.4) and modern diesel
engines (see Figure 3.3) intheir attorque area. For such cases, the power is not constant and the foregoing
discussion cannot be used. Another difference for the constant torque case is the effect of the gearshifts
that take place during the acceleration. With a constant torque T from the power source, the tractive force
F+; of the vehicle in a speci ed gear ratio n; is a constant:

n
Fri .. —T ... cte 3:86

Mw

in which n; and r,, are the overall gear ratio and the wheel effective radius respectively. At any speed, the
resistive force is known and the difference between the tractive and resistive force will generate the
acceleration a(v):

dv 1 )

. a a Fri Fo cv 3:87

The implication from Equation 3.87 is that any gearshift will change F+; and in turn the acceleration.
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3.6.1 Closed Form Solution

In order to nd the velocity, Equation 3.87 should be integrated with respect to time. In differential
equation form:

dv dt
- . — 3:88
Fri Fo cv? m

This is a differential equation that can be integrated by the separation of variables. The closed form
solution of Equation 3.88 is of the form:

vt ..btanh %t th f ; b=>0 3:89
where:
Ir_F F
b. -+ -9 3:90
c
£, ... tanh 1\%) 3:.91

The time to reach a speci ed speed v can be obtained from following relation:

m LV ]
t.. 1 be tanh b T 3:92

The travelled distance S, in terms of vehicle speed is given by:

S 1
m b* V2
c

R 3:93

In order to apply the results to the motion of a vehicle with a number of gears, consider that the torque-
speed diagram of the power source is as shown in Figure 3.47. Let us assume that the vehicle accelerates

Torque
A

v

0 m  Speed

Figure 3.47 Torque-speed diagram of a constant torque power source
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up to the speed of o, at each gear. In other words, when in  rst gear the rotational speed reaches on, the
gear is shifted to gear 2. The same applies for the 2 3 gear and so on.
The maximum speed at each low and middle gear is when the engine rotational speed is Op:

r
Vimax; - n—"_vom 3:94
1

But this situation for high gears can only happen if the balance of forces is also consistent. The force
balance for a high gear ny is:

n
Fr Frv ..T Fp o2..0 3:95
M
which results in:
1 n 0:5
Vimax ﬁT Fo 3:96

This result according to Equation 3.90 is simply equal to b and is only valid if the associated engine speed
is less than the maximum speed. Therefore the smaller of results obtained from Equation 3.94 and the
value of b must be used. The travel time for each gear is calculated from Equation 3.92, noting that:

..t 1 3:.97
The total travel time at the end of gear number N (to reach op,) is:
K
t.. ti 3:98

il

A similar approach must be used for the vehicle speed and travel distance at the end of gear number N.
The maximum power for each gear is:

Pmaxi - FTiVmaxi 3:99

With the assumption of no power loss in the driveline, the maximum power for all gears at the maximum
speed will be equal, as the power at the maximum speed points is:

Pmax ... TOm 3:100

If the maximum speed at a particular gear is less than the maximum speed on,, the actual speed must be
used in Equation 3.100.

Example 3.6.1

A diesel engine produces a constant torque of 220 Nm from 1200 to 2800 rpm. A vehicle of mass
2000 kg, with tyre rolling radius of 0.3 m, rolling resistance coef cient 0.02 and overall aero
coef cientof 0.5, accelerates on a level road from the rest in its lowest gear with overall ratio of 20
and then shifts successively up to gear 4 with overall ratio of 5. Each successive gear ratio is 0.63
times the previous gear ratio.
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In reality, the clutch slip at gear 1 allows the engine speed to differ from corresponding values of
the vehicle speed. For the sake of simplicity, however, assume the engine speed at gear 1 can start
from zero.

1. Calculate the speeds and travel distances at the end of constant torque curve and the times when
these speeds are reached.
2. Plot the variations of engine speed, vehicle acceleration, speed and distance with time.

Solution

A MATLAB program facilitates the solution and with straightforward steps the required outputs
can be obtained. The program listing is given in Figure 3.48.

% Example 3.6.1
clc, close all, clear all

m=2000; % Vehicle mass (kg)

fR=0.02; % Rolling resistance coefficient
Ca=0.5; % Overall aerodynamic coefficient
rw=0.3; % Wheel effective radius (m)
nf=4.0; % Final drive ratio

Tm=220; % Constant torque (Nm)
wm=1200; % Minimum engine speed (rpm)
wM=2800; % Maximum engine speed (rpm)

n_g=[5.03.151.985 1.25]; % Transmission ratios 1-4

n=n_g*nf; % Overall gear ratios

FO=m*9.81*fR;

t0=0; v0=0; s0=0; % Initial conditions

wmin(1)=0; % Assume the engine speed can start from zero in gear 1

fori=1:4 % Loop for gears

FT(i)=n(i)*Tm/rw; % Traction force of each gear

b=sqrt((FT(i)-F0)/Ca); % Equation 3.90

phiO=atanh(v0/b); % Equation 3.91

vmax(i)=min(wM*rW#pi/n(i)/30, b); % Maximum speed of each gear
tmax(i)=t0+m*(atanh(vmax(i)/b)-phi0)/b/Ca; % Maximum time of each gear

smax(i)=s0+m*log(sqrt((b"2-v0"2)/(b"2-vmax(i)"2)))/Ca; % Maximum distance at each gear
if i<4, wmin(i+1)=30*vmax(i)*n(i+1)/rW/pi; end % Minimum engine speed at next gear

for j=1: 100 % Start the loop for 100 intermediate points at each gear
w(j, i)=wmin(i)+(j-1)*(WM-wmin(i))/99; % Divide the speed span into 100 segments
t(j, i)=t0+(j-1)*(tmax(i)-t0)/99; % Divide the time span into 100 segments
v(j, i)=min(b*tanh(b*Ca*(t(j, i)-t0)/m+phi0), b); % values for velocity at each gear
a(j, i)=(FT(i)-FO-Ca*v(j,i)"2)/m; % values for acceleration at each gear
s(j, i)=s0+m*log(sqrt((b"2-v0"2)/(b"2-v(j, i)"2)))/Ca; % values for distance at each gear
end
tO=tmax(i);  vO=vmax(i); sO=smax(i); % Set initial conditions for next gear
% In order to have continuous plots of acceleration and engine speed:
ifi>1, a(1, i)=a(100, i-1); w(1, i)=w(100, i-1); end

Figure 3.48 The MATLARB listing of Example 3.6.1
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% Plot the results:

figure (1)

plot(t(:,i), w(:,i))

hold on

gridon

xlabel(‘'Time(s)")

ylabel (‘"Engine speed (rpm)°)
% repeat plot statements for other variables
end

Figure 3.48 (Continued)

(a) Solution to this part is performed in the rst loop of program for each gear. At rst, the vehicle
maximum speed at each gear is calculated as the minimum of kinematic relation (Equation 3.94)
and b. These values are then used to determine the time values and distances travelled at the end of
each gear engagement phase. The results for time, velocity and distance at the end of each gear are:

Time (s): 06164 12014 27221  6.8327
Velocity (m/s):  4.3982  6.9813  11.0787  17.5929
Distance (m):  1.3557  4.6844  18.4198  77.4139

(b) Once the minimum and maximum of each variable are available, the intermediate points can be
determined in a second loop. The loop is designed to calculate 100 points for each variable. The
results are plotted in Figures 3.49 3.52
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Figure 3.49 Variation of engine speed
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Figure 3.50 Variation of vehicle acceleration
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Figure 3.51 Variation of vehicle speed
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Figure 3.52 Variation of vehicle travelled distance

From Figure 3.50 it can clearly be seen that the acceleration at each gear is almost constant and the
variation of velocity is almost perfectly linear. This is due to the low velocity regime in which the
aerodynamic force does not play an important role.

3.6.2 Numerical Solutions

For the constant torque equation of motion 3.87, a closed form solution was presented in the previous
section. In order to obtain a numerical solution, the method of Section 3.5.5 can be applied with some
modi cations. The main difference in this case is that the integration must take place at each gear
separately. To this end the process for each gear must be repeated, thus there should be a loop with
repetition up to the number of gears. The initial conditions at each gear (except gear 1) will be the nal
results at the previous gear. Another issue in this case is the need for iteration to nd the time at which
a gear is engaged. This is because the integration at each gear is taking place between two speci ed
times to and t;. However, the nal integration time t; is related to the maximum speed of the constant
torque phase.

A sample MATLAB program is provided in Figure 3.53 in which a loop is considered for four gears
(i... 1: 4), and the iteration loop is done withina while-end statement. The function associated with the
main program contains the differential equation 3.87. In practice, gearshifts will take some time;
nevertheless no delay for gearshifts is included in the program in this case. It would only require a
simple modi cation to include it.
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% main_t.m

% A sample program to solve Constant Torque Performance (CTP)
% of vehicle in longitudinal motion

% The output of this program is vehicle speed versus time of travel
cle

close all

clear all

global Ftic fOm % Fti is traction force at each gear i
% Vehicle information: See Example 3.6.1

fO=fr*m*9.81;
% Initial condition:

vO=eps;
t0=0; tf=10;
we=3000; % An input larger than wM (for 'while' statement)
fori=1: 4 % For 4 gears
ni=n(i);

Fti=Trg*ni/rw; % Tractive force at gear n(i)

while abs(we - wM) > 0.001
[t,v]=ode45(@const_trg, [t0 tf], v0); % Calls const_trq function
% Check for rpm at the end of integration
we=30*ni*max(v)/rw/pi;
if we>wM % Not allowed
tf=tf*wM/we; % Decrease integration time
end
end
% At this point ‘we’ is almost equal to ‘wM’
plot(t,v)
hold on
% Repeat the loop for other gears with following initial conditions:
we=3000;
t0=max(t);
tf=20;
vO=v(end);
end

xlabel('Time (s)")
ylabel("Velocity (m/s)")
grid

% Function called in program ‘main_t.m’
function f=const_trq(t,v)

global Ftic fOm

f=(Fti-fo-c*v~2)/m;

Figure 3.53 MATLAB programs main_t.m and const_trg.m function
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Example 3.6.2

For the vehicle of Example 3.6.1, use the numerical integration technique and plot the variation of
velocity versus time with successive gearshifts.

Solution

The result of the inclusion of the vehicle data and running the program is illustrated in Figure 3.54.
It is identical to Figure 3.51 that was obtained using closed form formulas.
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Figure 3.54 The variation of vehicle speed with time

3.7 Fixed Throttle Performance (FTP)

The general longitudinal motion of a vehicle involves the driver s throttle inputs and gearshifts, both
of which will have in uential effects on the overall performance of the vehicle. Taking into
consideration the different inputs from the driver requires a more complicated analysis. One special
case in driving already discussed is the full throttle acceleration. In this particular case, the torque-
speed characteristics of the engine are usually available and can be used in the analysis. An extension
to this case is the xed throttle acceleration in which instead of 100% throttle input, a xed part
throttle is the input from the driver.
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Figure 3.55 The driving wheel

3.7.1 Gearshift and Traction Force

When the throttle is xed, the quasi-steady engine torque-speed diagram is available and from the MT
engine formula (Section 2.6), the part throttle torque-speed relation can be obtained. Full throttle
acceleration will be a special case for the analysis and of course, the full throttle curve is usually available
for most engines, and analysis can be performed more easily for this case. The engine torque at a constant
throttle can be written as:

Te .. Te Oe 3:101
Assuming no driveline losses (see Section 3.13), the torque at the driving wheels is:
Tw ... Ngns Te Oe 3:102

where ng and n; are the transmission and nal drive gear ratios. According to the free body diagram
of the driving wheel shown in Figure 3.55, the tractive force is related to the wheel torque by ignoring
the wheel rotational dynamics (Section 3.10):

Tw nTe Og

Fr . 3:103

T My

This tractive force must be produced by the tyre through the generation of slip between the tyre and the
road, provided that suf cient friction is present at the surface. For the time being it will be assumed that the
tyre is able to generate the necessary tractive force.

In a certain gear, the tractive force will change according to Equation 3.103 with the engine s rotational
speed. With the kinematic relation between the engine speed and the wheel rotational speed, the tractive
force at each gear can be related to the wheel rotational speed. A no-slip approximation is considered for
the tyre rotation in order to directly relate the forward speed of the wheel centre v to its rotational speed by
the simple relation:

o
V.. MOy ... rWT 3:104
or,

Oe..—V 3:105

f'w
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Therefore, the tractive force at each gear can be directly related to the forward speed of the wheel that is
equal to the forward speed of vehicle when no slip is present. At different gear ratios, by using
Equations 3.103 and 3.104, different tractive force-speed diagrams can be constructed.

Example 3.7.1

The gear ratios fora ve-speed transmission are 4, 2.6, 1.7, 1.1 and 0.72 and the vehicle nal drive
ratio is 4. The effective radius of the driving wheels is 27 cm.
The full-throttle engine torque-speed is described by following equation:

Te ... 4:45*10-6 o§ 0:03170, 55:24; 1000 < 0, < 6000 rpm

(a) Plot the engine torque-speed and power-speed diagrams.
(b) Ateach gear ratio for differentengine speeds, nd the corresponding values of vand F+and plot
Fr-v diagram for all gears in a single gure.

Solution

(a) Itisasimple task to vary the engine speed o, and determine the corresponding T, values. The
result is plotted in Figure 3.56.
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Figure 3.56 'WOT engine torque and power variation of Example 3.7.1
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(b) Thetractive force F1(0g) and vehicle speed v(0,) can be determined by using Equations 3.103
and 3.104 at any given gear ratio for the different values of engine speed O,. The variation of F+
versus v for each gear can then be plotted. The results for all gears are shown in Figure 3.57. In each
gear the tractive force follows the pattern of the engine torque-speed variation, and when the gear is
upshifted, the force magnitude reduces sharply and the curve attens.
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Figure 3.57 Tractive force versus speed at different gears

3.7.2  Acceleration, Speed and Distance
The difference between the tractive force of the vehicle F+; in a typical gear number i with the resistive
force Fr at a speci c speed v will generate the acceleration:

Fri v Fr v
h m

av . 3:106

This equation can be represented by Figure 3.58 for a speci ¢ gear ratio. It is clear that the excess force at
each gear varies with vehicle speed and the resulting acceleration will also vary with speed. It is also
important to note that at low gears the excess force is greater (see Figure 3.57) and produces greater
accelerations.

Inorderto ndthe velocity, Equation 3.106 can be integrated with respect to time. In differential form it
reads:

dv

1
W o mdt 3107
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Figure 3.58 The vehicle acceleration is the result of excess force

Theoretically this is a differential equation that can be integrated by separation of variables. Based on our
experience in the previous cases in which the tractive force had simpler forms, and also owing to the fact
that the engine torque-speed variation usually takes a complex form, looking for a universal closed form
solution is not attractive. Nonetheless, there are cases in which the engine torque-speed variation has a
relatively simple form and the integration of Equation 3.107 is possible. In general, however, a numerical
solution would be preferred.

In order to solve Equation 3.107 numerically, it can be written as a time-based differential equation of
the form:

dv t 1
T E%'FT' t Frt 3:108

Since v(t) is obtained through the numerical integration, F+; (v) and Fg (v) of Equation 3.106 are available
at each instant. The main MATLAB program for this case is similar to the main program of Section 3.6.2,
but its accompanying function will differ to some extent. In the main program a similar inner loop for the
acceleration up to a certain engine speed (Oen,) Will be present. Also, an outer loop for gear selection is
present as shown in Figure 3.59. It is assumed that the shifts are performed instantly and no delay is
involved.

The function for this case must include the instantaneous engine torque and tractive force
calculations. For this reason the engine torque-speed formula is needed in the function statements.
This information can be shared with the function through the global statement. In the program of
Figure 3.60 a second order polynomial is assumed for the torque-speed of engine (see Example
3.7.1) and its coef cients are given in a vector p that is shared between the main program and the
function.
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% Program to determine Fixed Throttle Performance (FTP)
clc; clear all; close all;

global m ¢ fO rw ni p % Share information with the ‘function’
% Engine torque formula is: te=p1*we"2+p2*we+p3

% polynomial coefficients are in ‘p’

p=[p1 p2 p3];

% Enter proper vehicle parameters:

m=m; rw=rw; fr=fr; c=c;

fO=m*9.81*fr;

% Gearbox and final drive ratios:
ng=[n1, n2, n3, n4, n5]; nf=nf;

x0=[eps 0]; t0=0; tf=20; % Initial conditions

wem=5500; % Engine speed at which gear is shifted
we=6500; % A value set for the ‘while’ statement below
for i=1: length(ng) % Loop for gears

ni=ng(i)*nf; % Overall gear ratio at each gear

while we > wem % Repeat statements until we=wem

[t,x]=0ded5(@Fixed_thrt, [tO tf], x0); % Calls Fixed_thrt function
v=x(:,1);
s=x(:,2);
we=30*ni*v(end)/rw/pi;

if we>=wem

tf=tf*wem/we;

end

end
% At this point results for gear ‘ni” are ready to plot

subplot(2,1,1), plot(t,v), hold on
subplot(2,1,2), plot(t,s), hold on

% Now gearshift is needed. Set the initial conditions for the next gear
t0=max(t);
tf=60; % set to large values
x0=[v(end) s(end)];
we=6500;

end

subplot(2,1,1)

xlabel('Time (s)")

ylabel("Velocity (m/s)")

grid

subplot(2,1,2)

xlabel('Time (s)')

ylabel('Distance (m)")

grid

Figure 3.59 Main MATLAB program for xed throttle performance
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% Function called in program main_ft.m
function f=Fixed_thrt(t,x)

global mc fO rw ni p
v=x(1); % instantaneous vehicle speed

omega=ni*v*30/rw/pi; % instantaneous engine speed (rpm)
Trg=polyval(p, omega); % engine torque at this instant

Fti=Trg*ni/rw; % instantaneous tractive force at gear n(i)
f1=(Fti-fO-c*v/2)/m; % Differential equation for speed
f2=v; % Differential equation for distance
f=[f1

f2];

Figure 3.60 MATLAB function for xed throttle performance

Example 3.7.2
For a vehicle with mass of 1000 kg, rolling resistance coef cient of 0.02 and overall aerodynamic
force coef cient of 0.35, use the transmission and engine information given in Example 3.7.1.

(a) Plot the variation of vehicle speed and distance versus time.
(b) Plot the variation of acceleration versus time.

Solution

Enter the necessary information such as p, ns, m, fz, c and r,, and the main program will be ready for
run. No change is needed to the function. The results obtained for speed and distance are given in
Figure 3.61.

It is worth noting that at the highest gear (gear 5), as the resistive forces approach the tractive
force value, the acceleration approaches zero. The theoretical nal speed is, therefore, attained
after a substantial time. For this reason, the integration time tf needs be set to large values.
This in turn will increase the integration time. Thus, in this example, a tf... 60 seconds is
chosen, for which the nal speed (a little above 50 m/s) is not actually reached.

The values of vehicle acceleration are calculated inside the function and not in the main
program. For this reason the data is lost when it returns to the main program. In order to nd the
acceleration, the best way is to regenerate it within the main program from the values of speed
available. A subprogram listing below shows how an inner loop can be constructed at the end of
each gear loop to calculate acceleration values:

v... (1)
omega...ni"v"30/rw/pi;
Trqg...polyval(p,omega);
Fti... Trg" ni/rw;
acc...(Fti-fo-c"v.A2)/m;

gure(2)
plot(t, acc )
hold on
clear acc

Including the subprogram in the main program will generate the plot of Figure 3.62.
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3.7.3 Shift Times

When a gear should be shifted depends on several factors. In automatic transmissions the decision is made
by the controller and in manual transmissions by the driver. In the latter case, the gearshift is performed
according to the individual driving style and the engine speed at which the gear is shifted differs for
different drivers. In theory, when a new gear is engaged, the vehicle can accelerate up to the limit speed of
the engine. In practice, however, this is not the case and every driver changes the gear based on their style
of driving at speeds below the maximum. Gearshift issues are discussed in more detail in Chapter 4.

In most transmissions, and especially in manual transmissions, there is an engine torque interruption
during a shift. This will eliminate the tractive force and with F; absent, only resistive forces will act on the
vehicle during the shifts and negative accelerations will result (see Figure 3.30). This duration is different
for different drivers and even for different gears. In the previous analysis, immediate gearshifts with no
torque interruption were assumed. In order to consider the torque break involved in the gearshifts, an inner
subprogram should be included in the existing MATLAB program. The main idea is to set the tractive
force to zero during this tdelay time. This is left to the reader as an exercise to apply the necessary
changes to the MATLAB program and generate results that are depicted in Figures 3.30 and 3.63 for the
vehicle acceleration, speed and distance (see Problem 3.15).

3.7.4 Maximum Speed at Each Gear

The maximum speed at each gear may be reached in two different situations: kinematic limit or dynamic
balance point. The kinematic limit is when the tractive force exceeds the resistive force and vehicle can
still accelerate but the engine cannot turn faster. A good example is acceleration in low gears at which the
tractive force is very high and the resistive forces are very low and the excess force is used to accelerate the
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Figure 3.63 Effect of including shift delays
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vehicle but the engine speed can reach very high values close to its cut-off point. At this point an upshift is
needed, as the forward speed is still low but driveline kinematics imposes a constraint on the motion.
Upshifts will allow higher kinematic vehicle speeds but at the same time lower tractive forces and reduced
accelerations will occur. In high gears, due to high speeds and low traction forces, there are points at which
the resistive force can balance the tractive force. These points, called dynamic balance points, represent
steady states for the vehicle motion even though the vehicle may not remain in this steady condition
for long.

Figure 3.64 summarizes these issues for an example vehicle on a level road. At low gears (1, 2 and 3) as
seen, there are excess tractive forces at the points of engine maximum speeds. These points are kinematic
limit points at which the gear must be shifted. At the highest gear (gear 5), the resistive force grows with
speed and at a certain point equals the tractive force. At this point, the dynamic balance is met and vehicle
attainsits nal speed. Atgear 4, too, it is sometimes possible to have a dynamic balance point, for example
onaslight slope. Also in Figure 3.64 an intersection point would be possible for gear 4 if a slightly higher
engine speed were attainable.

At the dynamic balance points where the tractive and resistive forces balance, the equation of motion

simply is:
Frv Frv ...0 3:109
This equation will be satis ed at a certain forward speed v* and a corresponding engine speed of o*. At

each gear n;, Equation 3.109 should be solved for v* where the steady state could be achieved (e.g. high
gears), but the speed of engine at v* must be smaller than the engine limit speed Oem, that is:

. v
o .. <o, 3:110

T'w
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Figure 3.64 De nitions of kinematic limit and dynamic balance points
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This process should usually be performed numerically by modifying the existing MATLAB program.
However, for some cases where the engine torque-speed relation at a xed throttle is available, a
mathematical solution can also be obtained. Let the engine torque-speed formula be written in the
form:

Te 0¢ ...T O¢ 3:111
Then the solution is obtained from:
Mg Niy Fr V" .0 3:112
rw Iw

Example 3.7.3

For the vehicle in Example 3.7.2, investigate the existence of dynamic balance points on a level
road for gears 3 and 5.

Solution

The engine torque-speed formula is:
Te.. 445 10 °0? 0:03170, 55:24

e

In which O is in rpm. This relation in general can be written as (0, in rad/s):

Te Oe ... 4,02

e o, t3.. f O¢

Substituting in Equation 3.112 and after some manipulations, one nds:

v* 2 klv* kz .. 0

in which:
Ni=ry 2t2
Ky ... —_—
c ni=ry
{3
ko ... F i —
2 0 Irw

t1, t, and t5 after conversion to rad/s are found to be 4.1 10 *, 0.3027 and 55.24 respectively.
For gear 3 the overall ratio is n3...1.7 4...6.8 and k; and k; are:

kl ... 28:103and kz .. 1195
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Solving the quadratic equation for v* results in:
v* ... 51:367 and=or 23:265

With the positive answer, the engine speed must be checked:

n
O* .. —v* .. 6:8 51:367=0:27 ... 1293:7 rad=s 12; 354 rpm!

Ny
This is not possible at all! For gear 5, the same procedure will result in:

Ns ... 2:88; ki ... 40:882; kp ... 393:03; v* ... 48:92m=s 176:1km=h and o* ... 4;983 rpm

which is ne.

3.7.5 Best Acceleration Performance

A question is often raised of how to perform gearshifts to get the best acceleration performance.
In practice, achieving higher velocities in less time means higher average accelerations. From a
mathematical view point, velocity is the time integral of acceleration:

vt .. atdt 3:113

In a graphical representation, the area under the acceleration curve versus time gives the velocity. For a

xed throttle performance (FTP) (e.g. WOT), the acceleration behaviour of the vehicle is determined with
the gearshifts. To see the effect of the choice of the shift point, consider the acceleration performance of a
typical vehicle at two different shift speeds shown in Figure 3.65 in an acceleration-speed diagram. Solid
lines represent a shift carried out at a certain engine speed where the traction force is equal at two
consecutive gears (corresponding to the point of intersection of traction curves of the two gears), whereas
the dashed lines belong to a shift at lower engine speeds.

Itis clear that the area under the solid lines (A,) is larger than the area under the dashed lines (A,). Also
if the shift speeds of the dashed lines are further reduced, the area A, will also be decreased. Therefore, as
the maximum area is A; it can be concluded that the concept of gearshifting at the points of intersection
with consecutive traction curves, produces higher accelerations. According to Equation 3.113, the area
under the acceleration-time equals the speed of the vehicle at the end of the acceleration phase and thus for
the area A; the speed is maximum.

In the acceleration-time plot, the acceleration curve of each gear will not remain identical when the shift
speed varies. This can be seen in the plots of Figure 3.66 for two different shift speeds of 5500 rpm (solid
lines) and 4000 rpm (dashed lines). Nonetheless, the area under the acceleration-time curves is still larger
overall as the shift rpm is increased. In order to further clarify the effect of the shift rpm, the time to attaina
speci ¢ speed is a good measure as it indicates the overall acceleration performance. Figure 3.67 shows
the velocity-time curves for four different shift rpm 4000, 4500, 5000 and 5500. It is clear that at any speed
(ahorizontal line), the time to reach that speed is smaller for larger shift speeds. This is shown for speed of
30 m/s (108 km/h). The time to reach the speci ed speed reduces in a non-linear fashion for example from
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Figure 3.67 Effect of shift rpm on reduction of time to attain a certain speed

4000 to 4500 rpm the time reduces around 3 seconds, whereas from 5000 to 5500 rpm it is reduced around
1 second.

It should be noted that the overall appearance of the acceleration and speed curves are dependent on the
transmission gear ratios as well as the vehicle physical properties. In changing any of the parameters, the
details of the gures presented above will change, nevertheless the overall behaviour is similar for
different con gurations.

3.7.6  Power Consumption

The power requirement during the vehicle motion comprises two parts: power to accelerate; and power to
overcome resistive forces. The total power used to move the vehicle at a speci ed speed v(t) is:

Pt .Frvt 3:114

The tractive force Ft can be written as:
Fr..mat Fr 3:115

Therefore:

Pt .matvt Fgvt ..P;t PRt 3:116
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Figure 3.68 A power-speed diagram for WOT acceleration

The rstterm P, is the power needed for the vehicle acceleration and the second term P is the power to
overcome the resistive forces. Equation 3.116 indicates that the power is an instantaneous quantity that
varies during the vehicle motion according to the variations of acceleration or speed. It also signi es that
for greater acceleration more power is needed.

During the vehicle motion with a xed throttle input (e.g. WOT), the variation of power with speed at
different gears is shown in Figure 3.68. As the acceleration is higher at lower gears while the speed is low
(low resistive forces), the main part of power is used for accelerating and only a small portion is used for
resistive forces. Upshifting reduces the acceleration where the speed is high and the resistive forces play
an important role; as a result, the share of the power to overcome the resistive forces increases at higher
gears. Atthe nal speed (where the acceleration is zero), the total power is devoted to overcoming only the
resistive forces.

The time history of power variation at different gears is shown in Figure 3.69 for a full throttle
acceleration with gearshifts at the maximum power point. When a gear is upshifted, the acceleration
will drop and as the resistive forces remain unchanged at the speci c speed, the power demand will be
reduced. In less aggressive driving, the acceleration in low gears often ends in lower engine speeds,
and as a result, the power use in low gears is usually much lower than the maximum engine power.
It should be noted that the selection of transmission gear ratios can change the results by moving the
points in the plots. The effect of gear ratios on the power curves, especially at high gears, will be
discussed in Chapter 4.

3.8 Throttle Pedal Cycle Performance (PCP)

In real driving situations, the accelerator pedal is depressed by the driver according to driving
requirements. In a vehicle equipped with a manual gearbox, the pedal input even in a high acceleration
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performance is not kept constant, since at least during gearshifts it is necessary to release the pedal and
press it once again. In normal driving conditions, the pedal input varies in different driving situations.
Thus in the study of vehicle longitudinal performance, one category of problem is when the input variable
is the engine throttle and the output is the resulting vehicle motion.

Drivers pedal inputs can vary largely owing to diverse driving situations and driving habits. The time
history of the pedal variations with time may look like that of Figure 3.70 in which the pedal input varies
between 0 (fully closed) to 100 (wide open).

In order to simulate a driving condition under pedal inputs, the engine torque-speed- throttle
characteristics will be necessary. This can be in the form of look-up tables or the MT engine formula
introduced in Chapter 2.

Moreover, during driving, the gearshifts are also carried out according to the vehicle and engine speeds
and driver s selection. In order to include the pedal inputs in the MATLAB programs, it is necessary to do
it inside the function and not inside the main program. The reason is that the pedal inputs are time-
dependent and when ode is called inside the main, all integration steps are performed by the function
and the nal results are returned. The following example is designed to illustrate this concept.

Example 3.8.1

The MT engine formula for a passenger car engine is given in Equation 3.2 together with the
information of Tables 3.1 and 3.2. For a throttle pedal cycle shown in Figure 3.71, use the vehicle
information of Example 3.7.2 and plot the variation of vehicle speed with time. Ignore time delays
during the gearshifts.
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Figure 3.71 Pedal cycle of Example 3.8.1
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Solution

% Main MATLAB program for Example 3.8.1
global m ¢ fO rw n p theta t_t wem

m=1000; rw=0.27; fr=0.02; ¢=0.35;
f0=m*9.81*fr;

% Engine full throttle formula is a second order polynomial:
p=[-0.00000445 0.0317 55.24];

% Define the pedal cycle:
theta=[30 80 80 0]; % Throttle values (%)
t t=[0 110 15]; % Corresponding times (s)

x0=[eps 0]; t0=0; tf=15;
wem=5500; % Engine upper limit

[t,x]=ode45(@pedal_cyc, [tO tf], x0) % Calls pedal_cyc function

% Plot the results

(@)

% Function called in the main program
function f=pedal_cyc(t,x)

global mcfOrwn pthetat twem

v=x(1);
s=X(2);
% A loop to specify the gear number:
fori=5:-1:1 9% Number of gears
omeg=n(i)*v*30/rw/pi; % Engine speed at vehicle speed 'v'
if omeg <= wem % If engine speed is less than max allowed speed,
ni=n(i); % Leave the gear number 'i'
end
end
omeg=ni*v*30/rw/pi; % Engine speed at the selected gear

% Find the throttle value ‘th’:
th=interp1(t_t, theta, t);

% Now calculate the part-throttle torque:
pow=(1.003*omeg)"1.824;
den=(1+exp(-11.12-0.0888*th))"pow;
Trg=polyval(p, omeg)/den;

% Tractive force at gear ‘i’

Fti=Trg*ni/rw;

f=[(Fti-fO-c*v"2)/m
vl;

(b)

Figure 3.72 MATLAB programs for Example 3.8.1: (a) Main and (b) the function
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Figure3.73 (a) Time histories of velocity and distance for Example 3.8.1. (b) Time history of acceleration for
Example 3.8.1

The programs shown in Figure 3.72 provide the details of instructions for this case. In the main
program, inputs are given and information is passed tothe function bythe global statement. The
tricky part is to specify the gear that is engaged. It is assumed each gear is engaged up to the
maximum engine speed and then upshifted. It should be noted that in this program the downshifts
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are not taken into consideration otherwise another loop should be de ned to check for the lower
limit of the engine speed and determine the downshifts.

The output results are shown in Figures 3.73a and 3.73b. From the time history of vehicle
acceleration, the gearshift pointsto gears 2, 3and 4 are clear. Note that the acceleration calculations
are similar to those explained in Example 3.7.2.

3.9 Effect of Rotating Masses

When the vehicle accelerates, the wheels, rotating shafts and even the engine accelerates. In other words,
in addition to the vehicle body (mass) which needs tractive force to develop its kinetic energy, the rotating
inertias also need torques in order that their corresponding kinetic energy is developed. The demanded
power produced by vehicle engine is therefore divided and the part that propels the vehicle body is reduced
due to the share taken by rotating masses. This will reduce the vehicle acceleration compared with the case
with no rotating masses. Consider the torque balance from the engine to the driving wheels through each of
the torque-consuming driveline components as shown in Figure 3.74.

The application of Newton s Second Law to the rotational motion of the engine output with regard to
Figure 3.74a reads:

Te .. Te  le@e 3:117

This means the clutch torque T, is what is left from the engine output torque T, after accelerating the
relevant inertias I, grouped at the engine output shaft (including the engine rotating masses, ywheel,

le 9

Clutch plate
— o b To
T T =
¢ > <« ¢ I~
L | ) |
N
N
(a) Engine flywheel (b) Transmission

T, /2

N

Tal2
(c) Final drive (d) Axle and wheel

Figure 3.74 Main components of the vehicle driveline
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clutch assembly, etc.) with angular acceleration a.. In Figure 3.74b it is assumed that the inertias of all
rotating masses related to the gearbox input and output are summed up as a single inertia I at the output
shaft of gearbox. Before this inertia, the torque on the output shaft simply is the input torque multiplied by
the gearbox ratio ng:

Tr .. ngTe 3:118
The output torque after the inertia I, therefore, is:

Tg o IT |ga'|' 3:119
where ar is the angular acceleration of the output shaft of gearbox. For the nal drive, according to
Figure 3.74c, it is assumed that there is only a single drive axle and all the rotating inertias related to it
are collected as a single inertia | at the output side of the differential. The governing equation in this
case will be:

Ta ... nng laan 3:120
aa being the angular acceleration of the nal drive output shaft. Finally, the torque output from the nal
drive reaches the wheel with an overall inertia Iy rotating with the wheel speed o,, and accelerates it.
According to Figure 3.74d, the balance of torques around the wheel centre results in:

TA FTarw Iwaw 3:121

where Fr, is the tractive force available at the tyre road interface. Since all the shafts are connected, their
rotational speeds (or accelerations) are related to the engine rotational speed (acceleration), i.e.:

e ... Ngay 3:122
ag ... Nfap 3:123

Combining all equations results in:

n 1 N¢ lw Ia
Fra..—Te — nle —lg

de 3:124
lw Fw o n

This is the force propelling the vehicle, whereas in the previous discussions the tractive force was
simpli ed as:

Fro T, 3:125

M

Now, for the longitudinal motion of the vehicle under the action of tractive and resistive forces, the
equation of motion reads:

Fra Fr..ma 3:126

where a is the longitudinal acceleration of the vehicle. F5 is produced by the tyre through slip generation
at contact patch. With slip at the tyre road interface, the rotational speed of the tyre will differ slightly
from the speed of wheel centre divided by the tyre rolling radius (see Section 3.10). Accepting a small
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error, the no-slip condition for the tyre will be assumed and that allows the rotational acceleration of the
wheel a,, to be directly related to the vehicle acceleration a:

a... ryay 3:127
Substituting Equations 3.124, 3.125 and 3.127 into Equation 3.126 yields:

1

Fr Fr..m 1 ﬂ'w la nély n’le a 3:128
which can be written as:
Fr Fr..mga 3:129
with:
Meq ... M 1 izlw la nZlg 0l 3:130
mrz,

From Equation 3.130 it is clear that me, is always larger than m, therefore the vehicle acceleration in the
real case will be smaller than that obtained in previous analyses without accounting for the rotating
masses. In other words, when the effect of rotating masses is taken into consideration, it is like considering
an extra mass for the vehicle. Alternatively, when no rotating masses are considered, a larger tractive force
will be available. Figure 3.75 conveys this concept by assuming asingle ywheel equivalentto all rotating
masses, attached to the driving wheels.

In general, meq can be written as:

Meg ... M M 3:131

where m, is regarded as the equivalent mass of the rotating inertias:

L h i

M .. Loy, nlog n?lo 3:132

2
My

In Equation 3.132 the inertias are de ned as:

I o, isthe sum of all inertias rotating with the speed of driving wheels.
I og4 is the sum of all inertias rotating with the speed of gearbox output shaft.
I 0 is the sum of all inertias rotating with the speed of engine.

Large rotating mass Driving wheel

Figure 3.75 Concept of rotating masses
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It is important to note that the meq has different values at different gears, since n ... ngns changes with
transmission gear ratio ng. Larger transmission ratios will make meq larger (by power 2 of ng). This means
in the lowest gear (i.e. gear 1), mgq Will have the largest value whereas at highest gear (e.g. gear 5) it will
have the smallest value. This is working against the requirements of high accelerations at low gears.

Example 3.9.1

For a vehicle with information given in Table 3.9 and gear information of Example 3.7.2, compare
the terms of Equation 3.132. Also evaluate the ratio mey/m for different gears.

Table 3.9 Data for Example 3.9.1

Vehicle information Value Unit
1 Vehicle mass m 1200 kg
2 Engine attached inertia le 0.25 kg.m?
3 Gearbox attached inertia g 01 kg.m?
4 Wheel attached inertia l 4 kg.m?
5 Wheel rolling radius My 27 cm
Solution

Calculation of the individual terms in Equation 3.132 is straightforward. Let us de ne the existing
terms as:
2 2 2

1 n n
Terml .. Iy — ; Term2.. 14 — and Term3 ... le —

Mw Ny My
The dimensions of each term are kg, thus these terms effectively represent extra masses that are
accelerated. The results are summarized in Table 3.10.

As seen from Table 3.10, the effect of terms 1 and 2 altogether is about 6 7% of vehicle mass,
whereas the effect of term 3 is something over 70% of the vehicle mass in gear 1 and some 2% in
gear 5. The total effect at gear 1 is almost 80% of the vehicle mass. Therefore it is evident that the
effect of rotating masses especially at low gears is quite large compared to the vehicle mass itself.

Table 3.10 Equivalent masses of Example 3.9.1

Parameter Gear 1 Gear 2 Gear 3 Gear 4 Gear 5
1 Terml kg 54.8697 54.8697 54.8697 54.8697 54.8697
2 Term2 kg 21.9479 21.9479 21.9479 21.9479 21.9479
3 Term3 kg 877.9150 370.9191 158.5734 66.3923 28.4444
4 Total m, kg 954.7325 447.7366 235.3909 143.2099 105.2620
5 Meg kg 2154.7 1647.7 1435.4 1343.2 1305.3
6 Meq /M 1.7956 1.3731 1.1962 1.1193 1.0877
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3.9.1 Corrections to Former Analyses

When mgq is substituted in the equation of vehicle longitudinal motion it will be of the general
form:

d
Frv FRV ..Megn dit' 3:133

The gear ratio n for a discrete ratio gearbox isa xed value at a speci ¢ gear. For a CVT, however, its
value also depends on the speed. Thus, for the two cases of analyses, the following corrections must be
made in order that the effect of rotating masses is included.

3.9.1.1 Discrete Gear Ratios

For all cases of constant torque, xed throttle and throttle pedal cycle, the condition of gear ratio changing
during the vehicle motion was discussed. In order to include the effect of rotating masses, the only required
change will be the evaluation of the equivalent mass at each engaged gear, as for a particular gear ratio n
the equivalent mass meq N is an unchanging quantity. The method of solution for all cases will be similar
once the gear ratio is speci ed.

Example 3.9.2

For the vehicle in Example 3.7.2, investigate the effect of rotating masses on the acceleration of the
vehicle. Use the information for rotating masses from Example 3.9.1.

Solution

The inclusion of the equivalent mass in the MATLAB program can be done inside the main loop for
the gears in Figure 3.59:

Mrl... lw/(rw"2);

Mr2...1g" (nfA2)/(rw"2);

for i...1: length(ng) % Loop for gears

ni...ng(i)"nf; % Overall gear ratio at each gear
Mr3...1e"(ni/rw)"2;

m...Mr1+Mr2+Mr3+mo0;

f0..m0"9.81"fr;

The result is shown in Figure 3.76 for the rotating and non-rotating masses. In gear 1 the difference
in acceleration is very large and decreases as the gear number increases. It should be noted that the
time of gearshift is also delayed when the rotating masses are included as the engine rpm reaches
the shifting rpm later due to lower accelerations.
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Figure 3.76  Acceleration results for Example 3.9.2

3.9.1.2 Continuous Gear Ratios

The continuous variation of gear ratio was considered in the Constant Power Performance analysis. The
equation of motion for this case when the rotating masses are included reads:

dv 1 P
. — FrrV Fav 3:134
dt " megn v RR A
From the kinematic relation (no slip assumption):
o
n.. TerW 3:135a

but since power is kept constant, there are two different cases:

(a) Torque is also constant: for this case, the engine speed must be xed too, since torque multiplied by
speed equals power. If engine speed is a constant o, then for each vehicle speed, say v*:

o
n.. v—jrw 3:135b

At every instant, the velocity values are determined from the integration of Equation 3.134 and the gear

ratio n can be evaluated from Equation 3.135b. It should be noted that this equation will result in large

values for n at very low speeds, therefore, an upper limit for n should be imposed in the program.
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(b) Torque is variable: if the engine torque is variable while the power is constant, it means the engine
speed must vary to keep power constant. In this case, Equation 3.135a is unable to produce a result for
n unless the variation of engine speed is known. This will require an additional criterion to change the
engine speed in a desired manner (e.g. for fuel economy).

Example 3.9.3

For the vehicle in Example 3.5.4, nd the effect of rotating masses on the time history of vehicle
speed. Use the information in Example 3.9.1 for the rotating masses. Assume a xed engine rpm of
500 rad/s and a maximum overall gear ratio of 16.

program.

Velocity (m/s)

Solution

The instantaneous value of gear ratio n can be calculated from Equation 3.135b and equivalent
mass calculations from the statements given in Example 3.9.2 can be used in this case too. It should
be noted that the described process must be included within the function and not inside the main

Figure 3.77 compares the effect of including the rotating masses with those of the base case with
no rotating masses. It is evident that the vehicle speed is considerably lower when the rotating
masses are included.
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Figure 3.77 Effect of rotating masses on CPP acceleration performance
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3.10 Tyre Slip

In the foregoing discussions in order to simplify the relation of the vehicle speed to the wheel rotational
speed, the driving wheels were assumed to roll without slipping. In reality, however, this is not the case
since according to the discussions in Section 3.3, the traction force is produced by the tyre only if
longitudinal slip is developed between the tyre and road surface. In fact, in the real driving situation, the
process by which the vehicle motion is built up can be described by the owchart of Figure 3.78.
According to this process, the transformation of the wheel torque to the tyre traction force is
accomplished through the generation of tyre slip. This process, in addition to the vehicle longitudinal
dynamics, involves the wheel rotational dynamics in which the input torque generates the wheel
rotational speed. The rotational motion of a driving wheel can be modelled according to the free body
diagram of Figure 3.79.
Application of Newton s Second Law to the rotation of a wheel results in:

doy

o Ly 2 3:136
"o dt

Tw Fxrw

in which T,, is the wheel torque, oy, is the rotational speed of the wheel and 1, is the polar moment of
inertia of the wheel including the other rotating parts (see Section 3.9). From Equation 3.11, the tyre
slip is:
v
rwOw

3:137

Sx .. 1

Equations 3.136 and 3.137 show the interdependency between the wheel speed o,, and slip Sy. In fact,
Equation 3.136 is a differential equation which, when integrated, leads to values for the wheel
rotational speed oy,. To this end, however, S, must be available beforehand but it is dependent on the
wheel rotational speed (Equation 3.137). With a numerical solution the problem can be resolved by
having an initial condition for the vehicle motion, e.g. starting from rest. The wheel rotational speed
and vehicle speed are then obtained by simultaneous numerical integration for o,, and v of the vehicle.
The solution of the differential Equation 3.136 together with Equation 3.137 involves rapid

uctuations in the wheel slip and its rotational speed values. In MATLAB to solve this type of

Engine Wheel Wheel Longitudinal \\Tyre traction Vehicle
torque torque rotation slip force motion

Figure 3.78 The process of the development of vehicle motion from engine torque

irection of motion

Figure 3.79 Free body diagram of a driving wheel
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differential equations one must invoke odel5s instead of ode45 . There are also other points that
must be taken into consideration:

(@) In the equation of longitudinal motion, the tractive tyre force Fy is a function of normal load on the
tyre and tyre slip Sy (see Section 3.3):

Fx ... Fx Fz; S« 3:138

The Magic Formula could be used for this, for example (see Section 3.3).

(b) The problem is sensitive to the wheel speed initial condition and different initial conditions for o,, can
lead to different output results for the wheel rotational speed, especially at low speeds. A reliable
initial rotational speed assumption for the wheel in a motion starting from rest is 100" eps, which is still
a very small value (2.22 10 ).

(c) In practice, Sy during longitudinal acceleration performance is bounded by the 1 S, 0 range.
Mathematically, however, Equation 3.137 can have results outside the range, e.g. Sy >1 (even very
large values) or Sy <0. In programming, therefore, care must be taken to impose the necessary
constraints on S, to keep it within practical limits.

The programming for this problem is left to the reader and typical speed and acceleration results are
given below as a reference. The time history of vehicle speed looks like that shown in Figure 3.80.
This gure also shows the equivalent centre of wheel speed that is wheel rotational speed times its
radius. It is clear that the equivalent speed must be greater than the vehicle speed due to the wheel slip.
The time history of vehicle acceleration is depicted in Figure 3.81 together with the same results for
the case with no wheel slip. It is noted that there is a short delay in the response of the vehicle owing to
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Figure 3.80 Vehicle and wheel equivalent speeds with wheel dynamics
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Figure 3.81 Vehicle acceleration with and without wheel dynamics

the wheel dynamics. In fact, with the wheel dynamics in effect, the tyre tractive forces build up after
the tyre slip is generated.

3.11 Performance on a Slope

So far the vehicle motion was assumed to take place on a level road only for the sake of simplicity. In this
section, the effect of motion on a slope will be discussed. It should be noted that the intention is to see
what happens to the vehicle performance (e.g. speed or acceleration) when it moves on a sloping road.
Another area of interest is to examine the grade capability of a vehicle which will be discussed in
Chapter 4.

The vehicle motion on a slope can be viewed from the following perspectives:

- How will a vehicle accelerate?

- What is the maximum vehicle speed at each gear?

- What is the maximum slope a vehicle can move on at a speci ed speed?
- What is the vehicle performance on a road of variable slope?

The FBD of a vehicle on a sloping road was shown in Figure 3.36 with all forces acting on it and the
governing equation of motion was shown to be of the form:

d .
md—\t/ Fr W frcosy siny o 3:139
Depending on the nature of the tractive force F+ the solution method will be different as it was discussed in

previous sections.



198 Vehicle Powertrain Systems

3.11.1 Constant Power Performance (CPP)

For the constant power case, there is no concern about the gear ratios and with the inclusion of the angle
y in the equation of motion, the performance can be analyzed during vehicle acceleration. The
acceleration performance and maximum speed of vehicle on the slope will obviously be reduced due to
the increase in resistive forces. The MATLAB program of Figure 3.39 already includes the slope terms
and can be used without any change. In orderto nd the maximum slope on which the vehicle can move
with a speci ed speed, the same MATLAB program for nding maximum speed can be used. In fact,
with an iteration procedure the input slope can be varied until the speci ed maximum speed is reached.

Example 3.11.1

For the vehicle in Example 3.5.2, obtain the time histories of velocity and acceleration for slopes of
0, 10 and 20 degrees.

Solution

Using the MATLAB program of Figure 3.39 for the speci ed slopes will produce the results
shown in Figure 3.82.
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Figure 3.82 Results of Example 3.11.1
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3.11.2 Constant Torque Performance (CTP)

Inthis case, the gearshifts occur and it is necessary to examine if the vehicle can ascend a slope in a certain
gear. In each gear, therefore, there is a certain maximum slope that vehicle can move at a constant speed. In
order that the vehicle can maintain the speed in a speci c gear n; right after an upshift, the force balance
must be positive at the time of gearshift, i.e.:

:—iT Fo CWmm i 1 230 3:140
w

where:
Fo..W fr cosy siny 3:141

and vmax | 1 is the maximum speed of previous gear prior to the gearshift. If Equation 3.140 is not
satis ed at gear i, the vehicle cannot keep the nal speed of previous gear and either a lower maximum
speed is achieved or a downshift to a lower gear is required. The maximum achievable vehicle speed in
each gear n; can be written as (Equation 3.96):

0:5

) 1 n
Vmax 1 . — —T Fo 3:142
C Iy

provided that the term in the parenthesis is positive otherwise gear n; cannot be maintained and a
downshift would be necessary. In addition, the resulting value from Equation 3.142 must be less than or
equal to the kinematic speed limit:

N
Vinax | %om 3:143
1

In fact, the minimum of the two results obtained from Equations 3.142 and 3.143 is the maximum
speed in that gear. The required changes for the inclusion of slopes in the MATLAB programs are
straightforward.

Example 3.11.2

For the vehicle in Example 3.6.2, plot the time variation of velocity for successive gearshifts at
slopes 0, 5 and 10 degrees.

Solution

Inclusion of slope in the calculations is simply done by replacing fO in Figure 3.53 with:

f0O ... m*9:81* fr*cos theta  sin theta

The result of running the program is depicted in Figure 3.83. It is clear that the vehicle can
accelerate even in gear 4 on the slopes of 0 and 5 degrees, whereas on the 10-degree slope the
gearshift from 3 to 4 will result in a negative acceleration that eventually may need a downshift to 3
again. This can be seen by examining Equation 3.140 as the results given in Table 3.11 indicate that
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Figure 3.83 Results of Example 3.11.2

ona 10-degree slope, a gearshift to 4 results in a negative force balance which means in this gear the
vehicle will decelerate.

Table 3.11 Force balance (Equation 3.140) over slopes (N)

Gear 1 2 3 4
5-deg slope 12566 7125 3686 1475
10-deg slope 10873 5432 1993 217

3.11.3 Fixed Throttle (FT)

For this case too, the concept is similar to those discussed in previous sections and the force balance
condition for any gear to maintain a positive acceleration after an upshift on a slope is:

:1—'Te 0y Fo Wi 12>0 3:144
w

where Te 0j; y is the engine torque at a given throttle input y and at engine rpm o; immediately after
shifting to n;. If this condition is not satis ed for a gear n;, the resultant force in the direction of motion will
be negative after an upshift, and a downshift might be necessary if the engine speed is reduced to a low
value o,. A steady state maximum vehicle speed is also attainable for those gears not satisfying
Equation 3.144 but at a lower value than that of the previous gear. In any case, the constraint for the engine
speed (Equation 3.143) should not be violated.



Vehicle Longitudinal Dynamics 201

Example 3.11.3

Repeat Example 3.7.2 for slopes of 5 and 10 degrees. Also evaluate the force balance of
Equation 3.144 to show which gear can maintain a positive acceleration.

Solution

The inclusion of slopes in the MATLAB program is similar to the previous example and the time
histories of velocity and distance for the three cases are presented in Figure 3.84. Onthe atroadall
the gears generate positive accelerations. On the 5-degree slope the fth gear cannot maintain a
positive acceleration and on a 10-degree slope even the fourth gear has similar problems so that
gear 5 is notengaged. The results of Equation 3.144, summarized in Table 3.12, are produced at the
maximum engine torque and support those of Figure 3.84.
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Figure 3.84 Time histories of velocity and distance for Example 3.11.3

Table 3.12 Force balance (Equation 3.144) over slopes (N)

Gear 1 2 3 4 5

5-deg slope 5569 3219 1684 587 296
10-deg slope 4722 2373 838 260 629
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3.11.4 Variable Slopes

If the vehicle motion involves several piecewise-constant slopes, the solution can be divided into several
solutions for each slope. The initial conditions for every slope are the nal results of the previous slope. In
general, the slope can be expressed as a varying elevation-distance function and it must be de ned inside
the MATLAB function .

Example 3.11.4

The vehicle of Example 3.11.3 starts accelerating from rest and just before gearshift to 5 enters a
slope of 10 degrees and continues with gear 4. Knowing that a downshift must be carried out when
the engine speed reduces to 2000 rpm, determine the distance travelled on the slope before a
downshift to gear 3 is necessary.

Solution

This problem can be solved in two parts. In the rst part, the vehicle motion on a level road is
considered and its speed before upshift to gear 5 can easily be obtained (see Example 3.7.2). The
result is 35.343 m/s. The second part is the vehicle motion on a 10-degree slope at gear 4 with this
initial speed. The distance up to the point when the engine speed reduces to 2000 rpm is the answer.
The MATLAB program of Figure 3.59, modi ed to include the slope, needs a small change in the
integration loop as shown in Figure 3.85. The distance travelled is found to be 1555 m after 70
seconds on the slope, when the speed is 46.3 km/h and the engine speed is 2000 rpm.

wlow=2000; % Set low engine rpm
we=1500; % A value (less than ‘wlow’) for ‘while’ statement
t0=0; tf=80;
x0=[35.3429 0]; % Speed just before entering on the slope
fori=4: 4 % Only gear 4
while we — wlow < 0.001 9% Repeat statements until we  wlow

[t,x]=0ded5(@Fixed_thrt, [tO tf], x0);
v=x(:,1);
we=30*ni*v(end)/rw/pi; % Engine speed at the end of integration process
if we < wlow
tf=tf*we/wlow; % Integration time should be reduced
elseif we-wlow>=0.01 % A small margin for fast convergence
tf=tf*we/wlow;
we=1500;
end
end
s=x(:,2);
end

Figure 3.85 Changes to the MATLAB program for Example 3.11.4
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3.12 Vehicle Coast Down

Vehicle coast down is a condition in which the transmission is disengaged (gear in neutral) and the vehicle
is left to roll freely from a particular speed and come to a stop under the action of the resistive forces. A
coast down test is very useful when measuring the characteristics of resistive forces acting during vehicle
motion. On a level road, the resistive forces comprise the driveline rotational frictions, the rolling
resistance and the aerodynamic force. From a coast down test, the time history of vehicle speed can be
obtained. In order to exclude the effects of air movements on the results, the tests are usually performed in
still, no-wind air conditions. The mathematical modelling of vehicle motion previously developed can be
applied to this type of vehicle motion with no motive force from the prime mover and the gradual
deceleration of the vehicle under the action of the resistive forces only. The equation of longitudinal
motion in a coast down situation will be simpler owing to the absence of the tractive force:

dv
m—.. F cv?
dt RR

3:145
in which Frg is the rolling resistance force and the term cv? is the aerodynamic force. If the time history of
the vehicle speed is available, the two unknowns can be determined. However, the solution depends on the
nature of the resistive forces especially the rolling resistance that can be considered a constant or as a
function of speed. These will be considered in following sections.

3.12.1 Constant Rolling Resistance

Assuming a constant rolling resistance force is a common practice in many cases, i.e.:
Frr ... fRW Fo 3:146

From the time history of vehicle speed it is possible to determine the rolling resistance coef cient fz and
aerodynamic coef cient c.

3.12.1.1 Simple Model

With only asimple test we can estimatethe F, and c values. Thistest consists of two high speed and low
speed parts. Two sets of data are recorded at high speed and low speed cases. Each set consists of an
incremental velocity change de ned as vy; and vy, at high speed and v, ; and v, at low speed. The
incremental velocity can be as small as 5 km/h. The time increments over which the velocity increments
occur are called Dty and Dt, . The mean velocities at each case are de ned as:

Vg . AL VH2 3:147
2
v . Ve 3:148
2
The mean decelerations at each velocity are de ned as:
VH2  VH1
ay . — 3:149
H Dty
a ..t Yu 3:150

Dt,
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The equations of motion (Equation 3.145) for the low and high speeds can be expressed in terms of the
above de nitions as:

may .. Fo oV 3:151

ma_ .. Fo o 3:152

At low speeds it is quite reasonable to ignore aerodynamic force and Equation 3.152 can be
simpli ed to:

Ve V2
Fo.m—= 3:153
0 Dt,

This is an equation suitable for calculating the rolling resistance force. Substituting Equation 3.153 into
Equation 3.151 and using Equations 3.148 and 3.150 results in:

4m Dt vy Vhz Dty v Vi

C.. 3:154
Dt, Dty Vi Vh2 2
If incremental velocities in both low speed and high speed are taken equal, i.e.:
DV..VH1 VH2 ...VI1 Vi2 3:155
then the results for Fy and ¢ simplify to:
Dv
Fo..m— 3:156
° bt
4m Dt. Dty Dv 3157

C..
Dt Dty VHi  VH2 2

Example 3.12.1

The coast down test result for a vehicle with mass of 1600 kg is given in Table 3.13. Calculate the
rolling resistance force Fq and the coef cient of aerodynamic force c.

Table 3.13 Vehicle coast down test results

Speed (km/h) Time (5)
1 110 0
2 100 41
3 30 54.5
4 20 64.0
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Solution

The incremental speeds at low and high speeds are both equal to 10 km/h. Calculations are
straightforward; convert speeds to m/s and the results are:

Fo ... 1084 N fgr ... 0:0691

c..0:7243

3.12.1.2 Analytical Model

For the general coast down case, the equation of motion can be integrated analytically. Equation 3.145 can
be written as:

Gyl .. Vzdﬁ 3:158
in which:
Cn - % 3:159
e
f.. = 3:160
Integration of Equation 3.158 results in:
Arctanvf ... cf—m to t Arctanvgf 3:161
In general, at time tq the speed is vp, but is always possible to take t; ... 0, therefore:
Arctanvf ... %t Arctanvgf 3:162
where:
e.. cho 3:163
If test data for two points, say, points 1 and 2, are available, then:
Arctanvy f ... %tl Arctanv f 3:164
Arctanv, f ... %tz Arctan v f 3:165

Equations 3.164 and 3.165 constitute a set of two non-linear equations for the two unknowns e and f. With
an iteration technique like MATLAB s fsolve , the equations can be solved and once e and f are obtained,
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the aerodynamic coef cient ¢ and rolling resistance coef cient fz can simply be calculated from:

c..ef 3:166
e

fr .. — 3:167

R fmg

An interesting result from this method is the evaluation of vehicle mass from a coast down test. Hence, ifa
further data point is available, then three equations can be solved for three unknowns e, f and m.

Example 3.12.2

A selection of data recorded in the coast down test for a light duty truck is given in Table 3.14. Use
four rows of the table to evaluate rolling resistance coef cient fg, aerodynamic force coef cientc
and vehicle mass m. If the frontal area is 2.5 square metres and the air density is 1.2 kg/cubic metre,
calculate the drag coef cient.

Table 3.14 Vehicle coast down test results

Speed (km/h) 110 100 90 80 70 60
Time (sec) 0 4 9 14.3 20.7 28
set 1 2 3 4 5 6
Solution

A MATLAB program consisting of a main program and a function as shown in Figure 3.86 is
suitable to solve the problem. Four sets of data are needed for the calculation of the unknowns. The
following sets are chosen:

(@) sets: 1, 3,5and 6
(b) sets: 1, 2, 4 and 6
(c) sets: 1,2,3and 5
(d) sets: 1, 3,4 and 5

The results obtained for all cases are summarized in Table 3.15.

Table 3.15 Results for Example 3.12.2

Case c fr m Co
a 0.99 0.020 1767 0.66
b 0.94 0.0199 1672 0.627
c 0.98 0.020 1752 0.653
d 0.98 0.020 1752 0.653
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% MATLAB program ‘maincdfr.m’
% Program for the calculation of Cd and Frr from Coast-down data
% Data is in the form of a two-column table of t and v test values

clear all, close all, clc
global vtijk

% In the solution four rows of data are used at a time: Row 1 and rows i, j and k

% Enter values for i, j and k:
i=?; j=7; k=7;

% Input data
v=[110 100 90 80 70 60].";
t=[04 9 14.320.7 28].;

% Initial guess for variables:

% Solution requires a guess for the three variable x(1), x(2) and x(3)
% Note that C=x(1)*x(2), fR=x(2)/x(1) and m=x(3)

x0=[7 0.05 1750];

% Set options for ‘fsolve’
options=optimset(‘TolFun',1.e-10, 'MaxFunEvals', 1.e+6);

x=fsolve(@cdfrr, x0, optimset(‘fsolve'))
c=x(1)*x(2)

fR=x(2)/x(1)
m=x(3)

@)

% MATLAB function ‘cdfrr.m’ called from maincdfrr.m

function f=f(x)
global vtijk

c=x(1);

d=x(2);

m=x(3);

a=1/sqrt(m*9.81);

b=1/m/a;
f(1)=atan(v(i)*a*c/3.6)-atan(v(1)*a*c/3.6)+b*d*t(i);
f(2)=atan(v(j)*a*c/3.6)-atan(v(1)*a*c/3.6)+b*d*t(j);
f(3)=atan(v(k)*a*c/3.6)-atan(v(1)*a*c/3.6)+b*d*t(k);

(b)

Figure 3.86 MATLAB programs (a) main and (b) function for Example 3.12.2
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3.12.2 Rolling Resistance as a Function of Speed

In general, the resistive force can be written (see Section 3.4.1.5) in the form of:
Fr ... Fo fVV CV2 3:168

Thetwo rsttermsontheright-handside representtherolling resistance forcewhichisconsideredasalinear
function of the vehicle speed. It should be noted that the rolling resistance may also involve a speed-squared
term, however, that part will be included in the aerodynamic force. In order that the unknowns Fo, f,and care
evaluated, the speed-time history obtained from the test must produce the variation of total resistive force
versus velocity. To this end, the basic form of the equation of motion in a coast down test reads:

dv

m—.. F 3:169
dt R

Thus by differentiating the time history of vehicle velocity with respect to time, the resistive force versus
time will be obtained. If a quadratic curve is tted to the Fg-v data, it will have the form:

Fr..a bv o? 3:170

from which the unknowns Fo, f, and ¢ can be evaluated by a simple comparison of Equations 3.168
and 3.170. It is worth noting that this technique can be applied for powers of speed more than 2. For
example, it is possible to include an extra term with a power of 3 for speed v and use the same procedure to
obtain the unknown coef cients. The drawback of this method is its sensitivity to the accuracy of test data
owing to the differentiation involved in the process. In order to avoid such errors, a more sophisticated
non-linear curve tting techniques must be used.

3.12.3 Inertia of Rotating Masses

At the start of a coast down test, the vehicle has a certain initial velocity and all driveline rotating
components have their respective rotational speeds. The total mechanical energy E of the system at the
starting instant, therefore, consists of kinetic energies of vehicle body together with those of the rotating
inertias:

1
E..om? 2 [0 3:171
The second term can be written for the rotating components including wheels, axles, propeller shaft and
gearbox output shaft (it is assumed that the gear is in neutral and clutch is disengaged, so the input shaft
and gears inside the gearbox are not rotating). Thus:
07 ... lyaOZ  N?1,07 ... legO% 3:172

in which I is the sum of all rotating inertias with the wheel speed and Ip is the sum of those rotating
inertias with the speed of differential input shaft (or gearbox output shaft):

leg - lwa  DNZlp 3:173
Assuming no slip for the tyres, one can write:

Oy ... — 3:174
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Equation 3.171 thus can be simpli ed to:

1 1. v 2 1 [
E..om? Zlg — .= m 2 3:175
2 2%, 2 rZ

This energy will be dissipated by the work done by resistive forces acting on the vehicle, until the vehicle
comes to a complete stop. The work of the resistive forces is:

U .. FRdS FRRdS FAdS 3:176

where s is the distance travelled. For the case of a constant rolling resistance force, between any two points
1 and 2, it can be written:

2 2

DU ..U, U;.. frWds  cv?ds 3:177
1 1
The rst integral results:
2 2
fRWdS fRW ds ... fRWA1 3:178
1 1
in which A; is the area under the v-t diagram:
2 2
Ai .Sy S1..Ds.. ds.. vdt 3:179
1 1

and can be determined from summing up the surface between times t; and t,. The second integral in
Equation 3.177 can be changed to a time domain integral:

Ay ... Vids.. Vidt 3:180

This is the area under the v3-t diagram and can be obtained by processing the original data. Thus the total
work of Equation 3.177 is:

DU ..U, U;.. AlfRW AsC 3:181
The energy change between any two instants is:

1
DE..5 m rié: Vs Vi 3:182
This must be equal to the work done by the resistive forces within this period:

Smo 3 Ve Vi ATRW A 3:183
2 rs
In Equation 3.183 all parameters are known but I, therefore:

2A1 fRW Axc 2

leg .. m r, 3:184
. M v
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For the speed-dependent rolling resistance assumption, too, a similar procedure can be followed. Also it
should be noted that the equivalent rotating inertia of Equation 3.173 does not include the rotating masses
with engine speed (gearbox input shaft). If a special coast down test is carried out with the gear engaged in
an arbitrary gear with only the clutch pedal depressed, then from the test results the full value of rotating
masses as seen on the driving wheels can be determined by the method explained in this section.

Example 3.12.3

Use the information of Example 3.12.2 and calculate the equivalent inertia at the driving wheels of
the rotating masses. Tyre rolling radius is 38 cm.

Solution

A; ... 639; A, ... 365430 and leg ... 1:41 kg:m?:

Table 3.16 Solution with any two adjacent points

According to Equation 3.184, information for every two points can be used to determine the
equivalent inertia for the rotating masses. If data for any two neighbouring points are used, the
result will be those listed in Table 3.16. There are negative values for the inertia which is
unacceptable and this re ects errors in the data and inaccuracy of calculations between two
adjacent points. The average value from the table is some 1.5kgm?. A close result can also be
obtained if A; and A, are the sums of all surfaces from t...0 to t ... 28. The results are:

Speed (km/h)
Time (s)

A; (Eq. 3.179)
A, (Eg. 3.180)
leq (EQ. 3.184)

110
0
0
0

100

4

116.7

99923
7

90

9
132.0
92646
15.2

80
143
125.1
70487
6.2

70
20.7
1333
58642
4.8

60

28
131.8
43732
0.85

3.13 Driveline Losses

In the preceding discussions the assumption was made that the driveline system is ideal in such a way that
all the power transmitted by the driveline will be delivered to the wheels. In practice, however, every
component in the driveline will involve losses due to internal friction. The torque necessary to overcome
the friction multiplied by speed of rotation of the component results in the power lost to the friction of that

component.

3.13.1 Component Ef ciencies

Consider a torque-transmitting component shown in Figure 3.87. The input and output powers are:

Pi ... Tioj; Pg ... ToOq

3:185
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T; T,

I
I@g Torque amplification = n :@

i 0

Figure 3.87 A torque-carrying component

Due to the rigid connections between the input and the output ( exibilities are ignored), the output
rotational speed is related to the input speed by:

1
O ... —Oj 3:186
n
The input energy is:
Ei .. Pidt.. Tioidt..n T;o.dt 3:187

The ef ciency of the torque transfer is de ned as the ratio of the output to the input energies:

E To00dt
zgi 3:188
" n Tio.dt
At constant speed and torque inputs, this simpli es to:
To To
Z..— . = 3:189
nT; T;

inwhich T, is the output torque at the ideal (no power loss) condition. Thus, it is concluded that when there
is energy loss ina component, the output torque will be reduced with respect to the ideal output torque by a
factor smaller than 1, de ned as the ef ciency of that component, i.e.:

To .. 2T 3:190

[0]
which also leads to:

Po ... ZP; 3:191

The torque loss T, and power loss P for the component are:

1 Z

T .. T, To 3:192

0

To..nl ZT;..

1 Z

PL..Pi Po.. 1 ZP.. Po 3:193
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Figure 3.88 The variation of the ratio of torque loss to output torque with ef ciency

Figure 3.88 shows the ratio of torque loss T, to the output torque T, with the variation of ef ciency. For
ef ciencies less than 0.5 the output torque is less than the torque loss (see Equation 3.192).

In the above discussions, a constant speed was considered at the time of a constant torque delivery and
the dependency of the power loss on the speed of rotation or the value of torque was not considered. In fact,
friction in the moving parts is of two different natures: dry and/or viscous. The former is independent of
relative speed between the moving parts and once the movement starts, it remains proportional to the load
(kinetic friction). Viscous friction, however, is speed-dependent and increases as the relative speed of
moving parts increase.

The dry friction is often assumed to be linearly dependent on the load (F ... mN). Examples of this
type of friction in a driveline are contact friction between gear teeth and friction in bearings. When
larger torques are transferred, the contact forces on the gear teeth increase and lead to larger friction
forces. The same also goes for bearing loads. Speed-dependent friction is typically due to churning
and pumping losses of the lubricant which increase with rotational speed. These losses are not usually
affected by the amount of torque that is transmitted. There is also another type of loss that is almost
constant, regardless of rotational speed or transmitted torque sliding friction in seals typically
behave this way.

In general, the ef ciency of a component, therefore, must be considered to depend on speed and
load, i.e.:

Z..2T;0 3:194

In practice, however, it is a common to assume the ef ciency is a constant value. In fact, it is an
approximation to the real losses in the drivetrain system. This assumption means that increasing the
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Figure 3.89 Power loss changes with speed and torque

speed of rotation at a speci ed torque (power increase) will only increase the power loss in the
component (Equation 3.193) and will not in uence the torque loss (Equation 3.192). Conversely at a
speci ed speed, torque increase will increase both the torque and power losses. As Figure 3.89
summarizes, along a line of a certain torque T; the torque loss is constant but the power loss increases
with speed.

For the vehicle driveline with several components, the wheel torque is:

Tw o ZeZgZiZaZaZo Ty o Zoy Ty 3:195
in which Z,, is the overall ef ciency and subscripts c, g, j, d, a and w stand for clutch, gearbox, joint
(universal or constant velocity), differential, axles and wheels respectively. T, is the ideal wheel
torque:

Ty - gk Te ... NTe 3:196

It should be noted that the clutch ef ciency treatment for the transient phase is different from what is
considered here, nevertheless the concept will be similar (see Section 4.5.5).

Example 3.13.1

Repeat Example 3.7.2 assuming the ef ciencies of the driveline components are 0.97 for the
gearbox, 0.94 for the nal drive and 0.90 for the rest of components combined.

Solution

The inclusion of Equations 3.195 and 3.196 in the MATLAB program is a simple task. The
componentef ciencies must be de ned in the main program and the overall ef ciency (say etov )
must be shared with the function in global statement. The tractive force is simply modi ed to
Fti...etov" Trq"ni/rw;. The result of the modi ed program is compared with those of Example 3.7.2
in Figure 3.90.
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Figure 3.90 Effect of ef ciencies on the vehicle performance of Example 3.7.2

Example 3.13.2

A vehicle test shows that when the engine torque is 100 Nm, at a certain engine speed, a wheel
torque of 1200 Nm is produced. With overall gear ratio of 15, calculate the driveline ef ciency and
the torque loss.

Solution
From Equations 3.195 and 3.196:

Ty 1200 _
Zov o, 15 100 08

and the lost torque is:
TL...nTe Ty .. 1500 1200 ... 300 Nm
Alternatively:

1 038
T, .= 1200..300
L 708
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3.13.2 Torque Flow Direction

The driveline ef ciency depends on the direction of torque ow. The foregoing discussion applies to the
case when the engine torque is transmitted by the driveline to turn the wheels. In the cases when the
accelerator pedal is suddenly released during the vehicle motion on a level road or when vehicle is moving
downbhill, the energy ow is reversed. In the former case, the kinetic energy of vehicle and turning parts is
used to overcome the resistive forces and in the latter case the gravitational force is also helping vehicle
motion. In both cases, with engaged gears and zero throttle, the engine will run in its braking regions.
Thus, in these cases the ef ciency equation must be written the other way round, that is:

* *

Te o L2424 T, .. 2T, 3:197
in which,
« T rwF
T L 3:198

¢ ngni o n

The notation of using primes in Equation 3.197 emphasizes that in the reverse direction the ef ciency is
not necessarily the same as the other direction. The torque loss in driveline this time will be:

T Tw NTe.. 120, Ty 3:199

3.13.3 Effect of Rolling Resistance

In order to move the vehicle from rest, friction in the driveline must be overcome before the vehicle can
start to move. Suppose the vehicle is pushed from rest with the gearbox disengaged until it starts to move.
The question is whether or not this amount of force is related to the driveline torque or power loss. In fact,
this force is just the rolling resistance force that also includes the non-loaded driveline rolling frictions.
Therefore, it should not be confused with the driveline losses during the torque delivery.

The objective of the engine torque is to move the vehicle, but throughout the driveline it overcomes
friction, and eventually before turning the wheel, it has to overcome the rolling resistance torque. In other
words, the total torque loss in the driveline is the summation of component torque losses T¢, and rolling
resistance torque Tgrg:

Te .. Ter Trr 3:200

The output torque used for moving the vehicle is:

*

Tw.. Ty, T 3:201

Since the rolling resistance is already included in the resistive forces against the vehicle motion,
substituting Equation 3.200 in 3.201 is not correct and the rolling resistance term must be excluded.
Thus the output torque at driving wheels is:

Tw .. T, T 3:202
For a given overall ef ciency Z,, the component torque losses can be evaluated as:
T .. nTe 1 Z, 3:202

This is what was previously considered as the total torque loss. It should also be noted that the unloaded
torque losses of the driveline have already been considered in the rolling resistance, and the ef ciency of



216 Vehicle Powertrain Systems

the wheel Z,, de ned earlier represents only those torque losses in the tyre in addition to rolling resistance
torque (e.g. tyre slip).

Example 3.13.3

In Example 3.13.2 the effect of rolling resistance was ignored in determining the ef ciency of the
driveline. For arolling resistance force of 200 N and tyre rolling radius of 30 cm, determine the true
ef ciency.

Solution

The component losses should be calculated. The total torque loss is:
T ... 1500 1200 ... 300 Nm
From Equation 3.200:
TeL .. T Trr ... 300 0:3 200 .. 240 Nm
From Equation 2.203:

TeL 240

L1 =084
T 1500

This is 4% higher than before.

3.14 Conclusion

Inthis chapter, the basics of vehicle longitudinal dynamics studies were discussed and various forms of the
vehicle motion were studied. The tractive force generation by the tyres and its dependence on tyre slip
were discussed. The natures of resistive forces against vehicle motion were also described and
characterized. The equations of vehicle motion in different forms were developed, starting with the
simplest forms and gradually adding other terms.

Closed form analytical solutions were presented where such solutions are available. These forms are
helpful for quick estimations of the approximate performance. For more detailed studies, numerical
integrations are preferred and several examples using MATLAB programs are provided. Several example
problems were worked out in order to facilitate the understanding of the physics of vehicle motion in
different cases. Students are encouraged to become more familiar with the details by reworking the
example problems and writing MATLAB programs. Problems in Section 3.16 will further help students
build their knowledge on the subjects.

3.15 Review Questions

3.1 Describe the torque-generating properties of engines and motors used in automotive applications.
3.2 Explain the tractive force generation of a tyre with a sliding friction force of rubber on a surface.



Vehicle Longitudinal Dynamics 217

3.3 Explain why the Magic Formula representation of the tyre tractive force is different from a simple
curve tting of tyre data.
3.4 Propose amethod by which the tractive force of tyre could be maintained at its maximum during the
vehicle motion.
3.5 What are the tyre rolling resistance moment and force? How are they related?
3.6 Describe the in uencing factors in the tyre rolling resistance generation.
3.7 Explain the main sources of aerodynamic force.
3.8 What are the aerodynamic moments?
3.9 The power delivery from the prime mover to the wheels can be achieved in different ways. Describe
the constant power, constant torque and constant throttle cases and how they can be justi ed.
3.10 List the assumptions involved in the CPP method and explain why they are needed.
3.11 Explain how the nal speed of a vehicle is achieved and mathematically how long it takes to attain
the maximum speed.
3.12 The maximum speed of a vehicle in each gear is in uenced by both kinematic and dynamic factors.
Explain how.
3.13 How would you propose to shift the gears in order that a better acceleration performance is
achieved?
3.14 Explain why the rotating masses inside the vehicle powertrain would reduce the vehicle
acceleration.
3.15 Describe the necessity of having tyre slip for vehicle motion and the cause and effect relationship
between the wheel torque and traction force.
3.16 Why is a coast down vehicle test useful? Estimate the length of a road needed for a test speed of
150 km/h.
3.17 What are the basic natures of the torque and power losses of the driveline components? Explain the
dependency of the losses on the speed and load.

3.16 Problems
Problem 3.1

The rolling resistance force is reduced on a slope by a cosine factor (cosy). On the other hand, on a
slope, the gravitational force is added to the resistive forces. Assume a constant rolling resistance force
and write the parametric forms of the total resistive force for both cases of level and sloping roads. Ata
given speed vp:

(a) Write an expression that ensures an equal resistive force for both cases.

(b) Solve the expression obtained in (a) for the parametric values of corresponding slopes.

(c) Forthe coef cient of rolling resistance equal to 0.02, evaluate the values of the slopes obtained in (b)
and discuss the result.

Result:

a fr1 cosy ..siny

Problem 3.2
For the vehicle of Example 3.4.2:

(a) Calculate the overall aerodynamic coef cient for the same temperature at altitude of 1000 m.
(b) Repeat (a) for the same altitude at temperature 30 C.
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(c) At the same altitude of (a), at what temperature does the drag force increase by 20%?
(d) At the same temperature of (a), at what altitude does the drag force reduce by 20%?

Problem 3.3

In order to have a rough estimation of the performance of a vehicle, it is proposed to ignore the resistive
forces to obtain the No-Resistive-Force (NRF) performance.

(a) Derive the governing equations of vehicle longitudinal motion for speed v(t) and distance S(t) by
ignoring all resistive forces for the CPP (see Section 3.5).

(b) For a vehicle of mass 1.2 ton, determine the required engine power P to achieve an acceleration
performance of 0 100 km/h during 10, 8 or 6 seconds.

(c) Evaluate the power increase factors from 10 seconds to t* seconds de ned as P=Py ...
WPt P10 =P 10 ,fort"...8 and 6.

Results:
2Pt mv: V3
2 4t 0
@ v.. v§ m,S... P
(b) 46.3, 57.9 and 77.2 kW.
(c) 0.25 and 0.67.

Problem 3.4

Use the results of Problem 3.3:

(a) Write the expression for the speci ¢ power P (in W/kg) of a vehicle to reach a certain speed v (km/h)
from the rest at a certain acceleration time t.

(b) Plot the variation of Pg versus t from 6 to 10 seconds. Repeat the result for three speeds of 80, 90 and
100 km/h.

(c) Are the results dependent on the vehicle properties?

Problem 3.5

At very low speeds the aerodynamic force is small and may be ignored. For example, at speeds below
30 km/h, the aerodynamic force is one order of magnitude smaller than the rolling resistance force. For
such cases categorized as Low-Speed (LS), ignore the aerodynamic force and for the CPP assume a
constant rolling resistance force Fy.

(a) Integrate the equation of motion (Equation 3.58 with c ... 0) and use the initial condition of v ... v at
t... to to obtain an expression for the travel time in terms of speed.

(b) Foravehicle of 1000 kg mass and total rolling resistance force of 200 N, when starting to move from
standstill, plot the variation of vehicle speed against elapsed time up to 10 seconds and compare it with
the results of NRF model (Problem 3.3). The engine power is 50 kW.

Results:
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Problem 3.6

For the vehicle of Problem 3.5 and using the LS method, nd the required power for the 0 100 km/h
acceleration to take place in 7 seconds.
Result: 58,849 W.

Hint: The following statements in MATLAB can be used with a proper initial guess for x0.

fun...inline( 7 1000" “log( /(  (100/3.6/200))) 1000%(100/3.6/200) );
...fsolve(fun, 0, optimset( Display , off )); ( ... P/F0"2)

Problem 3.7

For the vehicle of Problem 3.5 using the LS method determine the power requirements for a performance
starting from rest to reach speed v at time t, for three cases of v ... 80, 90 and 100 km/h for accelerating
times varying from 6 to 10 seconds. Plot the results in a single gure.

Problem 3.8

The power evaluation for the NRF case (Problem 3.3) is a simple closed-form solution but it is not
accurate. The LS method (Problems 3.5 3.7) produces more accurate results especially in the low speed
ranges. By generating plots similar to those of Problem 3.7 show that an approximate equation of
P..Pnre  0.75Fgv can generate results very close to those of LS method.

Problem 3.9

For the LS case, use vdv ... adS that relates the speed to acceleration and distance, substitute for
acceleration in terms of speed.

(a) Integrate to obtain an expression for travel distance S in terms of velocity v.
(b) Derive the equation for a motion starting at a distance S, from origin with velocity vq.
(c) Simplify the expression for a motion stating from rest at origin.

Results:

0:5v  pivy

asS..C mFypllnP Fov 052 pvi; ¢ S..mF pflnp plv
1 1

P v
Withp; ... = andvy ... —:
pl F(z) 1 F()

Problem 3.10

Avehicle of 1200 kg mass starts to accelerate from the rest at origin. If power is constant at 60 kW, fora LS
model with Fq ... 200 N, determine the travel time and distance when speed is 100 km/h. Compare your
results with those of the NRF model.

Results:

t..823s;S..153:65m for LS andt ... 7:72s and S ... 142:9 m for NRF:
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Problem 3.11

In Problem 3.8 a close approximation was used for the power estimation of LS method. For the general
case including the aerodynamic force, the approximation given by P..Pyre  0.5Fgv is found to
work well.

For the vehicle of Example 3.5.3, plot the variations of power versus acceleration times similar to those
of Problem 3.8 and compare the exact solutions with those obtained from the proposed method.

Problem 3.12

According to the solutions obtained for CTP (see Section 3.6) it turned out that at each gear, the
acceleration is constant to a good degree of approximation (see Figure 3.50). Thus a simpler solution can
be obtained by considering an effective resistive force for each gear that reduces the problem to a Constant
Acceleration Approximation (CAA). In each gear assume the resistive force acting on the vehicle is the
average of that force at both ends of the constant torque range. Write the expressions for the average speed
at each gear vy, the average resistive force Ryy.

(a) Show that the acceleration, velocity and distance at each gear are g % Fri Ra ,
vit .ait tp Vo and Si..05at g% Vot ty So, in which Vg ... Vmax i 1 and
So, . Smax I 1 are the initial speed and distance from origin for each gear for i>1 and v, and
S fori... 1.

(b) Repeat Example 3.6.1 by applying the CAA method.

Problem 3.13

A 5th overdrive gear with overall ratio of 3.15 is considered for the vehicle in Problem 3.12, and the torque
is extended to 3400 rpm. Obtain the time variations of acceleration, velocity and travel distance for the
vehicle by both CAA and numerical methods and plot the results.

Problem 3.14

In Example 3.5.2 impose a limit for the traction force of F+<0.5W and compare the results.

Problem 3.15

For avehicle with transmission and engine information given in Example 3.7.2, include a 1-second torque
interruption for each shift and plot similar results. To this end, include a subprogram with listing given
below at the end of loop for each gear:

% Inner loop for shifting delay:
if i<5 % No delay after gear 5!
t0...max(t);
tf..t0 tdelay;
0...[v(end) s(end)];
p...[0 0 0]; % No traction force
[t, ]...oded5(@Fixed_thrt, [tO tf], 0);
v.. (1)
s.. (42);
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end
% Now plot the results
p...[p1 p2 p3 p4]; % Set back the engine torque

Problem 3.16

Repeat Problem 3.15 with a different shifting delay for each gear of the form 1.5, 1.25, 1.0 and
0.75 seconds for 1 2, 2 3, 3 4 and 4 5 shifts respectively. (Hint: For this you will need to change
the program.)

Problem 3.17
Repeat Example 3.7.2 for a different shifting rpm.

(a) Shift all gears at times when the engine speed is 4500 rpm.
(b) Shift the gears at 4500, 4000, 3500 and 3000 rpm for shifting 1 2,2 3,3 4 and 4 5 respectively.
(Hint: For this part you will need to change the program.)

Problem 3.18

In Example 3.7.3, investigate the possibility of having a dynamic balance point in gear 4. If no steady state
point is available, nd a new gear ratio to achieve a steady state.

Problem 3.19
Repeat Example 3.7.2 with transmission ratios 3.25, 1.772, 1.194, 0.926 and 0.711.

Problem 3.20

In the program listing given for Example 3.7.2, no constraint is imposed for the lower limit of engine
speed and at low vehicle speeds the engine rpm will attain values less than its working range of
1000 rpm.

(a) For the existing program try to nd out at what times and vehicle speeds the engine speed is below
1000 rpm.
(b) Modify the program to ensure a speed of at least 1000 rpm for the engine. How are the results affected?

Problem 3.21

Inavehicle roll-out test on a level road, the variation of forward speed with time is found to be of the form:
v..atanb dt;

where a, b and d are three constants.

(a) Assume an aerodynamic resistive force in the form of Fa ... cv? and derive an expression for the
rolling resistance force Fgg.
(b) Write an expression for the total resistive force acting on the vehicle.
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Result:

b Fr..md a v’=a

Problem 3.22

Two speci ctests have been carried out on a vehicle with 1300 kg weight to determine the resistive forces.
Inthe rsttest on alevel road and still air, the vehicle reaches a maximum speed of 195 km/hin gear 5. In
the second test on a road with slope of 10%, the vehicle attains a maximum speed of 115 km/h ingear 4. In
both tests the engine is working at WOT at 5000 rpm, where the torque is 120 Nm.

(a) Ifthe ef ciency of the driveline is 90% and 95% at gears 4 and 5 respectively, determine the overall
aerodynamic coef cient and the rolling resistance coef cient.
(b) Ifthe gearbox ratio at gear 5is 0.711 and the wheel effective radius is 320 mm, assume aslip of 2.5% at
rst test and determine the nal drive ratio.
(c) Calculate the ratio of gear 4 (ignore the wheel slip).

Results:

a c..0:314;fg ... 0:014; b ns ... 4:24; ¢ ns .. 1:206

Problem 3.23

For a vehicle with speci cations given in Table P3.23, engine torque at WOT is of the following form:
Te...100 a o, 1000 b o 1000 232..004b..8 105 0 < 6000 rpm

The driveline ef ciency is approximated by 0.85 /100 in which i is the gear number.

(a) Determine the maximum engine power.

(b) What is the maximum possible speed of the vehicle?
(c) Calculate the maximum vehicle speed at gears 4 and 5.

Table P3.23 Vehicle information

Vehicle mass 1200 kg
Rolling Resistance Coef cient 0.02
Tyre Rolling Radius 0.35m
Final drive Ratio 35
Transmission Gear Ratio 1 4.00
Gear Ratio 2 2.63
Gear Ratio 3 1.73
Gear Ratio 4 1.14
Gear Ratio 5 0.75
Aerodynamic Coef cient Co 0.4
Frontal Area As 2.0m?

Air density ra 1.2kg/m?
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Table P3.24

Parameter Gear 1 Gear 2 Gear 3 Gear 3 Gear 5
1 Engine speed rpm
2 Engine torque Nm
3 Maximum vehicle speed km/h
Results:

a 69;173W; b 170:6 km=h; c¢ 169:9 and 142:6 km=h

Problem 3.24

For the vehicle of Problem 3.23, nd the following:

(a) For a constant speed of 60 km/h over a slope of 10%, which gears can be engaged?
(b) For case (a), in which gear is the input power minimum?
(c) On this slope, what would be the maximum vehicle speed in each gear?

Hint: Table P3.24 is useful for solving this problem.

Problem 3.25

The vehicle of Problem 3.23 is moving on a level road at the presence of wind with velocity of 40 km/h.
Assume Cp ... Cpg  0.1]sinal, in which a is the wind direction relative to the vehicle direction of travel.
Determine the maximum vehicle speed in gear 4 for:

(a) a headwind (a ... 180)
(b) a tailwind (a... 0)
(c) awind with a ... 135 degree.

Results:
a 142:5; b 192:0; c¢ 140:5km=h:

Problem 3.26

Two similar vehicles with exactly equal properties are travelling on a level road but in opposite directions.
Their limit speeds are measured as v, and v, respectively. Engine torque at WOT is approximated by
following equation:

Te..150 1:14 10 ® 0-314:16 2
Determine the aerodynamic drag coef cient Cp and wind speed in direction of travel v,,:

(a) By writing a parametric tractive force equation in terms of vehicle speed for both vehicles.
(b) Then write a parametric resistive force equation in terms of speed for both vehicles.
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Table P.3.26

Transmission Gear Ratio 0.9
Vi 180
Vo 200

(c) Equate the two equations for each vehicle and use the numerical values of Problem 3.23 for m, fg, A,
ra, f'w and the additional information given in Table P3.26.

Results:
0:25and 19:32 km=h

Problem 3.27

While driving uphill in gear 4 on a road with constant slope y, the vehicle of Problem 3.23 reaches its limit
speed vy atan engine speed of O at a still air. The same vehicle is then driven downhill on the same road in
gear 5, while keeping the engine speed same as before. Engine powers for uphill and downhill driving are
Py and Pp respectively. The tyre slip is roughly estimated from equation S¢...S, P 10 2 (%) where
Sp is a constant and P is power in hp.

Assume a small slope angle and use the additional data given in Table P3.27 to determine:

(@) uphill and downhill driving speeds
(b) road slope

Results: a 116:9and 165:1 km=h; b 9:4%:

Problem 3.28
For the vehicle of Problem 3.23, nd the following:

(a) Derive a general parametric expression for the value of speed v* at the maximum attainable
acceleration.

(b) Use the numerical values and determine the values of v* at each gear.

(c) Calculate the maximum accelerations at each gear.

Results:
30ni2 Zy a 2000b

v 2 2 nd
Pfiv2c zyb3ro
w

a v*.

b 9:06; 13:38; 18:51; 21:45and 17:88 m=s; ¢ 4:07; 2:59; 1:55; 0:796 and 0:298 m=s:

Table P.3.27

Uphill power Pu 90 hp
Downhill power Pp 10 hp
Tyre basic slip So 2.0 %

Gear progression ratio ns/ns Cy 14
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Problem 3.29

In Section 3.9 the effect of rotating masses were discussed and equations for including this effect in the
acceleration performance of a vehicle were developed. From an energy consumption point of view, when
the vehicle is accelerated to the speed of v, the rotating inertias will be at rotational speeds related to v
(ignore the tyre slip).

(a) Write the kinetic energies for the vehicle body mass m and rotating masses I, lq and I,
(b) From the kinematic relations, relate the rotational speeds to the vehicle speed.

(c) Write the energy terms in terms of vehicle speed v.

(d) Write the total energy of vehicle as: Eg ... 0:5mgqv2.

(e) Determine the equivalent mass meq and compare it with Equation 3.130.

Problem 3.30

For a tyre with the Magic Formula information given in Table 3.3:

(a) Plotthe longitudinal force (F) against slip (s) for both traction and brake regions at normal load values
1.0, 2.0, 3.0 and 4.0kN (all in a single gure).
(b) Plot coef cients of tyre-road friction for case (a).
(c) Atslip ratios 5, 10, 20 and 50%, plot the variation of Fy versus F, (maxF, ... 5kN).
(d) Differentiate the Magic Formula with respect to slip to nd the value of slip at which the force is
maximum. Verify your results by comparing them with those of case (a).
(e) Inordertohaveanimpressionofthein uence of different factors in the Magic Formula tyre model, try
the following for the above tyre in (a) at a normal load of 3.0 kN:
(i) Multiply coef cient B by 0.8, 1.0 and 1.2 while keeping the other coef cients unchanged. Plot all
three results in a single gure.
(ii) Repeat i for coef cient C.
(iii) Repeat i for coef cient D.
(iv) Repeat i for coef cient E.

Problem 3.31

The vehicle of Problem 3.23 is moving with a constant speed of 100 km/h. Use the tyre data of Table 3.3 for
each of the two driving wheels and for a front/rear weight distribution of 60/40, determine:

(a) Longitudinal slip (in percentage) of the tyres for both cases of FWD and RWD.
(b) Repeat (a) for a 5-degree grade.
(c) Repeat (a) for a level road with adhesion coef cient of 0.4 (ignore the load transfer).

Further Reading

The analysis of the performance of vehicles in the longitudinal direction in terms of accelerations and
speeds has been dealt with in many automotive texts. This is not surprising since in practice it has always
been one of the most highly debated areas in comparing vehicles indeed, technical journals and
magazines have seemed obsessed with 0 to 60 mile/h times and top speeds even if these aspects of
performance cannot actually be used safely on the roads.

A good introduction to the subject which takes a slightly different approach from this book is provided
by Gillespie [4]. In Chapter 2, he derives the basic equations and discusses power and traction limited
acceleration performance. In Chapter 4, he goes on to discuss in more detail the road loads both rolling
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resistance and aerodynamic  which affect longitudinal performance. Gillespie s book, written in the
USAin 1992, provides good clear explanations of the fundamentals of vehicle performance and the only
problem for current students is the use of non-SI units which makes the numerical examples somewhat
dif cult to follow.

Lucas s book, Road Vehicle Performance [5], arose from lecture courses at Loughborough University
of Technology. It is interesting because it gives a comprehensive analysis of vehicle performance, and
links it to the practical issues of measurements both on the road and on laboratory-based dynamometers.
Although itis now rather dated since it was written in 1986, the principles are of course all still relevantand
he discusses some useful information on manual vs automatic gearboxes and fuel consumption
calculations. It is targeted at undergraduate and graduate students but again has the drawback of using
non-Sl units.

The text by Guzzella and Sciaretta on vehicle propulsion systems [6] also provides an excellent
introduction to vehicle performance in Chapters 2 and 3. It is a modern book, updated in 2007, and based
on lectures at the Swiss Federal Institute of Technology (ETH), Zurich. It is useful as a companion to this
book because the authors use examples in MATLAB and Simulink, and in particular describe some
interesting case studies in the Appendix. They also introduce the QSS toolbox package which was
developed at ETH, and which may be downloaded from http://www.idsc.ethz.ch/Downloads/gss.
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Transmissions

4.1 Introduction

The function of the vehicle transmission is to transfer engine power to the driving wheels of the vehicle.
Changing gears inside the transmission allows matching of the engine speed and torque with the vehicle s
load and speed conditions. In manual transmissions the driver must shift from gear to gear, whereas in
automatic transmission the shifting is performed by a control system. There has been a gradual re nement
in gearbox design over recent decades and a move towards an increasing number of gear ratios to improve
overall performance and ef ciency.

The chapter starts by analyzing conventional transmissions manual gearboxes, clutches and gear ratio
calculations. Then, recent developments in transmissions are reviewed and analyzed these include
Automated Manual Transmissions (AMT), Dual Clutch Transmissions (DCT) and Continuously Variable
Transmissions (CVT). Their technical bene ts are summarized along with the commercial issues which
in uence their use in current vehicle design. Two of the main trends which have in uenced the increasing
use of more sophisticated gearboxes have been the demands for both improved driveability and improved
fuel ef ciency.

4.2 The Need for a Gearbox

Vehicles are traditionally equipped with gearboxes and differentials. The number of gears in vehicle
transmissions range from three for older cars to ve, six and even eight in newer ones. The differential
provides a constant torque ampli cationratio ( nal drive) and acts as a power split device for left and right
wheels. The role of a gearbox is to provide different torque ampli cation ratios from the engine to the
wheels when necessary at different driving conditions. The characteristics of IC engines were studied in
detail in Chapter 2 and the torque generation behaviour of electric motors was discussed in Chapter 3. In
this section, one question that will be looked at is whether with any of these torque generators, it is possible
to omit the gearbox?

Consider a case in which the torque source is directly connected to a driving wheel. With reference to
Figure 4.1 and ignoring the effect of rotating masses (see Section 3.9), we further assume that enough
friction is available at tyre road contact area (see Section 3.3), so the available tractive force is:

Ts

.rW

Fr . 4:1
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Figure 4.1 The tractive force resulting from a torque acting at the wheel centre

where Ts and r,, are the torque source and effective tyre radius respectively. For a vehicle of mass m, the
acceleration resulting from this traction force is simply:

F T

LS 4:2
m " mry

Anaccepted benchmark for the overall performance of avehicle isthe 0 100 km/h time. A guideline value

for this characteristic can be considered as 10 seconds. Hence the average acceleration of the vehicle

during this period is:

Dv  100=3:6

. — 2 .
Ay ... Dt 10 2:7 m=sec 4:3

For a typical vehicle with a mass of 1000 kg and wheel radius of 30 cm, the average torque required at
wheel centre will be:

Tay ... Magyly ... 720Nm 4:4

From the discussions of Chapter 3 (e.g. Section 3.7), we found that the maximum acceleration occurs at
start of motionand isupto 2 3times the average acceleration. With a maximum acceleration of 2.5a,, the
maximum torque at the wheel is:

Tmax - 2:5Tay ... 1775 Nm 4:5

For a vehicle with speci cations considered, an average power of 60 kW (80 hp) would be reasonable.
Typical 60 kW IC engines and electric motors are compared in Table 4.1 in terms of the maximum
torques they generate. Obviously for our example vehicle, compared to what is needed to produce

Table 4.1 Gear ratios for different power sources

Power source (60 kW) Max torque (Nm) Overall gear ratio (n) Gearbox ratio (ng)
Sl engine (Petrol) 100 120 15 18 4351
Cl engine (Diesel) 170 200 9 10 26 29

Electric motor 250 500 357 12
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required acceleration, all the torque sources have insuf cient torque and are not suitable to be directly
connected to the driving wheels. With an overall gear ratio n from the torque source to the driving
wheels, torque ampli cation results. Values of n shown in the third column of Table 4.1 can generate the
required acceleration for that speci c torque source. With a nal drive ratio n; of 3.5, the gearbox ratio
ng is given in the last column of the table. In fact, the overall ratio is the gearbox ratio times the nal
drive ratio:

n..ng n 4:6

This gear ratio can produce the maximum acceleration but it is not useful as the vehicle speed increases.
The vehicle speed from the kinematic relation ignoring the tyre slip (see Section 3.10) is:

Os
v ...TrW 4:7

in which os is the speed of the power source. For our example vehicle equipped with an Sl engine for a
maximum speed of 6000 rpm, the maximum vehicle speed at overall ratio of 15 will be 45 km/h. Thus, in
order to operate at higher speeds, the gear ratio must be reduced. The kinematic limitation explained above
makes several gear reductions necessary during vehicle acceleration to its nal speed. The gearbox is,
therefore, required for this purpose. For electric motors it is possible to have no additional gear ratio and a
single ratio can be used. For example, with a maximum speed of 8000 rpm and with a single gear ratio of 5,
a speed of 180 km/h can be reached.

4.3 Design of Gearbox Ratios

Vehicle motion in different conditions is governed by the way power is transmitted from its source to the
wheels. Gearbox ratios must be designed to match the vehicle motion with the torque generator s
characteristics. In the case of an IC engine, the diverse working conditions of the engine make it very
important to have proper gear ratios for good overall performance of the vehicle. Low gears are used at low
speeds and should provide high tractions for accelerating and hill climbing. High gears, on the other hand,
are used at higher speeds and must allow proper matching between engine torque-speed characteristics
with vehicle acceleration and speed. Since the requirements for the lowest and highest speed gears are
totally different, each will be considered separately.

4.3.1 Lowest Gear

The rstorthe lowest gear is used when highest acceleration is needed, or when the road load is high, such
as on a slope. Since the gear ratio ampli es the engine torque, a large ratio will produce large wheel
torques. With reference to the discussions in Section 3.3, however, the tractive force generated by a tyre is
limited. Hence, increasing the gear ratio is limited by the tyre road friction characteristics. Using
Equation 3.22 for the tractive force including the driveline ef ciency Z; is:

nZyTe

M'w

Fr .. 4:8
Assuming the limitation for the tractive force is, say, Frmax, the overall gear ratio n,_for the lowest gear can
be written as:

T'w FTmax

4:
Z,Te 9

n ..
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Figure 4.2 Free body diagram of vehicle

Referring to Figures 3.14 and 3.15, the maximum tractive force can be written as:
Fre -+ MpWaxie 4:10

where m, is the maximum coef cientof adhesionintyre road interface and Waxie is the load on the driving
axle. Thus:

N o —— Waie 4:11

In order to nd the axle load, consider the free body diagram of a vehicle travelling on a road of slope y
shown in Figure 4.2. The equations of motion in the longitudinal and vertical directions are:

Fr Fr Fa Frr W sin Yy ... Mag 4:12

Wcosy N N..0 4:13

where F; and F, are front and rear tractive forces, Fa and Fgg are aerodynamics and rolling resistance
forces and W is the vehicle gravitational force (weight). The aerodynamic force is acting at a height of h
whereas the vehicle centre of mass is located at height h. Taking moments about the contact point of the
rear wheel (point C) results in:

INte hmag Wsiny haFa .. bWcosy 4:14

Combining Equations 4.12 4.14 leads to:

b h Dh
N¢ "'TW cosy T Fr Frr TFA 4:15
h Dh
N, ...?W cosy ©Fr Fae - Fa 4:16
where:
Dh..hy h 4:17

Fr .. F F 4:18
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Since Dh is usually small, and at low speeds the aerodynamic force is also small, the last terms in
Equations 4.15 and 16 can be ignored. N¢ and N, are the axle loads at the front and rear respectively. For a
front wheel drive (FWD) vehicle, only F; will br present and for a rear wheel drive (RWD), only F, will
be present. For a four-wheel drive (4WD) vehicle both tractive forces at front and rear will be acting. The
axle loads in Equations 4.15 and 16 are still dependent on the total tractive force F+ as can be seen.
Assuming the tractive force has its maximum limiting value proportional to the axle load, substituting
from Equation 4.10 into Equations 4.15 and 4.16 for FWD and RWD vehicles will result in:

hf

Nt ... b RW cos y;,  for FWD only 4:19
I mph

Nr ... ? r:f::w cosy; for RWD only 4:20

p

The coef cient of rolling resistance is:

Frr
———— 4:21
R W cos y

Substituting Equations 4.19 and 4.20 into Equation 4.11 will result in:

b hig
N FWD ..., mh Zdv'vI'eW cosy 4:22
a th W i
n. RWD .. mpI moh ZdTeW cosy 4:23

n, isthe largest gear ratio and its maximum value is found at zero slopey ... 0. Equations 4.22 and 4.23 can
be rearranged as:

I
Nipey oo Kpep 5o MoW 4:24

Z,T, P
in which F/R stands for F or R for FWD or RWD respectively, and:

b th i a th

K .
P mh 1 mh

4:25

Equation 4.24 can be used to calculate the largest gear ratio, however, the value of T, must be available.
In fact, the engine torque does not have a constant value and it depends on the engine speed and throttle
position (see Section 3.2.1). In order to nd a suitable value for engine torque, let us rewrite
Equation 4.24 as:

N Zg T
— e KeegM,W 4:26

My

The left-hand side is the traction force resulting from the engine torque and the right-hand side expression
is the limiting value for the tractive force due to the tyre road friction. Since the maximum tractive force
on the left is generated at the maximum of engine torque, therefore in Equation 4.24 the maximum of
engine torque is used. If a gear ratio larger than that obtained from Equation 4.24 is used, the tyres will slip
at maximum engine torque, nevertheless it is common practice to use a value of 10 20% larger. This will
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allow maximum tyre traction to be generated at lower engine torques. This is more practical since to gain
maximum traction, it is not necessary to have a full throttle.

Example 4.3.1

For a vehicle with the information given in Table 4.2:

Table 4.2 \ehicle information of Example 4.3.1

Tyre rolling radius 0.30m
Coef cient of rolling resistance 0.02
Engine maximum torque @ 2800 rpm 120Nm
Vehicle mass 1200 kg
Maximum road adhesion coef cient 0.9
Weight distribution F/R 58/42%
CG height to wheelbase ratio h/l 0.30
Driveline ef ciency 85%

(a) Calculate the low gear ratio for both cases of FWD and RWD.

(b) For front/rear weight distributions 60/40, 55/45 and 50/50 vary the road adhesion coef cient
from 0.5 to 1.0 and plot the ratio of kg to k.

(c) For the weight distribution of case (b), plot the variation of gear ratios versus variation of m,
from 0.7 to 1.0.

Solution
For (a), from row 6 of Table 4.2, a/l ... 0.42 and b/l ... 0.58. From Equation 4.25:

b=l fzh=I 0:58 0:02 0:3

ke ... ... 0:461
F"1 mhal " 1 09 03 0:40
a=l frh=l 0:42 0:.02 0:3
kg ... ... 0:567
1 mhal 1 0:9 03 0:56
nCFWD ke mW .. 0461 — 00 0.9 1200 981.. 1437
- Rz T P 085 120 R

n. RWD .. kR%mpw . 17:67
For (b), a simple MATLAB program can generate the results. The output plots are shown in
Figure 4.3. It is clear that kg is greater than kg at most practical cases.
For (c), the plot is shown in Figure 4.4. As can be seen for RWD, the vehicle gear ratios are larger,
which implies that under similar road conditions, larger traction forces can be produced at the rear
wheels. It should be noted that this result is due to dynamic conditions when the vehicle accelerates
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or on slopes where the load transfer from front to rear takes place. The difference between FWD
and RWD layouts increases with increasing a/l ratio.

2
18 /
6 a/l=0.50 /
&
X 14
12 // ——
— al=040 |_— |
1 ]
/
08

0.5 0.6 0.7 0.8 0.9 1

Figure 4.3 Variation of ratio ke/ke with adhesion coef cient m,

Gear ratio

0.7 0.75 0.8 0.85 0.9 0.95 1
Coefficient of adhesion

Figure 4.4 Variation of overall gear ratio with adhesion coef cient m,
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4.3.1.1 Gradability

The maximum grade a vehicle can negotiate depends on two factors: rst, the limitation of road
adhesion and, second, the limitation of the engine torque. In order to consider the limitation of road
friction, the right-hand side of Equation 4.26 with the inclusion of the slope angle, dictates the
maximum traction force:

Fros - Kr=rMyW cOsy 4:27
and this must overcome the resistive forces Fg,
FR..Fo Frr W siny 4:28

Assuming the vehicle moves at low speed, then the aerodynamic force will be negligible. Thus for a
constant speed of travel on a slope y we have:

Fr... Fr.. kF:RmpW cosy fgrcosy sinyW .0 4:29
or the maximum slope travelable for the vehicle is:
tany .. Kepmy  fr 4:30

The limitation of the engine torque is not in general critical to gradeability as it is always possible to
increase the gear ratio to increase the tractive force. If the torque is limited, the left-hand side of
Equation 4.26 dictates the maximum traction force. At low speeds:

N ZgT
.. % frcosy siny W 4:31
w

which can be solved for y. The minimum of the values obtained from Equations 4.30 and 4.31 will be the
gradeability of the vehicle at low speeds.

Example 4.3.2
For the vehicle of Example 4.3.1:
(@) Determine the climbable slope for both cases of FWD and RWD.

(b) Plot the variation of gradable slopes with the variation of m, at different a/l ratios (use the road
friction limitation).

Solution

(a) For a FWD vehicle from Equation 4.30, the slope angle can be determined using the
information from the previous example:

tany .. 0:461 0:9 0:02..0:3949; or; y..21:55deg:
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If the torque limitation is imposed, the result from Equation 4.31 will be:

Z4T . .
Melale ... 0:415 ... 0:02 cosy sinythat gives the answery ... 23:37 deg:

M
For the RWD case, the result is: tany ... 0:4903, or, y ... 26.12 deg. for the limitation on friction.
The torque limitation results: 0:510 ... 0:02cosy sinywithy ... 29.5 deg. Therefore the grading
angle for FWD is 21.55 deg. and for RWD it is 26.12 deg.

(b) Gradable slopes plotted in Figure 4.5 show that RWD vehicle has better gradeability for
different designs over roads with given coef cients of adhesion.

35

w
o

Gradable slope (deg)
N
6]

20

o
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[

0.7 0.75 0.8 0.85 0.9
Coefficient of adhesion

Figure 4.5 Gradable slopes versus the adhesion coef cient at different weight distributions

4.3.2 Highest Gear

The highest gear is usually used for cruising at high speeds. The maximum vehicle speed is attained at the
top gear as a result of the dynamic balance between the tractive and resistive forces (see Section 3.7.4).
From the kinematic point of view, the maximum speed of a vehicle in the highest gear ny will occur at a
certain engine speed o, so:

r
NH ... Of — 4:32
Vmax
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Figure 4.6 Top speed of vehicle at the balance point

If the tyre slip Sk is also taken into account (see Section 3.3), the modi ed equation will be:

Ny ..o,—" 1 S, 4:33

Vimax

For a target top speed of v,y if O, was known, the gear ratio ny could simply be calculated. However, o,
is the result of the power balance between the engine and resistive forces which is dependent on the design
parameters including the gear ratio.

The highest gear in the gearbox (e.g. 5th) sometimes is designed by assuming o, to be about 10%
higher than the engine speed at the point of maximum engine power, then the nal gear is designed by
arranging it to be an overdrive (see Section 4.3.2.2) of up to 30% [1]. For the design of the highest
gear, it is reasonable to consider a full throttle condition for the top speed of vehicle, therefore the
WOT curve of engine can be used to nd the dynamic balance point. In general, as Figure 4.6
illustrates, the intersection of the tractive and resistive force diagrams de nes the balance point at
which a steady state condition results and the vehicle speed will remain constant.

The variation of tractive force can be written as (Equation 4.8):

Ny Zd Te O¢

Fr 0, 4:34

My

in which T¢(0,) is the engine WOT curve. Since the vehicle speed is related to the engine speed by the
kinematic relation (Equation 4.32 or 4.33), the variation of tractive force with speed can be obtained.
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Figure 4.7 Flowchart to obtain ny

Equation 4.34 indicates that the tractive force is dependent on the gear ratio ny, thus without knowing it,
the tractive force cannot be constructed. If the design value of the top speed (say, v ) is given, an iterative
procedure starting with an initial value for ny can be used, the tractive and resistive forces can be
constructed and the intersection of the two curves gives the top speed. If this value is equal to v , the initial
guess for n is correct, otherwise its value should be modi ed and the procedure repeated. The owchart
of Figure 4.7 illustrates this procedure.

Analternative and somewhat simpler approach is also available to calculate the highest gear. According
to the resistive force diagram of Figure 4.8, ata speci ed top speed of v the resistive force has a value F

Force (N)

1500

1000

* /
Resistive force /

50 100 150 200 250
Vehicle forward speed (km/h)

Figure 4.8 The tractive force is equal to the resistive force at the nal speed
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Figure 4.9 Finding the engine working speed at the top speed of the vehicle

which is also equal to the tractive force at this point. Therefore, with known values for the tractive force
and the top speed, the required power P will also be known:

P ..Fv=Z 4:35

This power also includes the driveline losses (see Section 3.13) and the engine provides the total power
sum P . In the engine WOT power-speed curve, a horizontal lineat P value intersects the curve and gives
an engine speed o, (see Figure 4.9). Then, from Equation 4.32 (or 4.33), the high gear ratio n, can simply
be obtained.

Example 4.3.3
Avehicle with mass of 1000 kg, overall aerodynamic coef cient of 0.35 and tyre rolling radius of
30cm, has an engine WOT torque-speed formula of the form:

Te.. 445 10 °0Z 0:03170, 55:24

in which o is in rpm. The intention is to have a top speed of 180 km/h for the vehicle. Design
the high gear ratio, if the coef cient of rolling resistance is 0.02. Ignore the driveline losses and
tyre slip.
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Solution

The total resistive force and power at the top speed are:

F ..frRW cv2,, ... 0:02 1000 9:81 0:35 502 ... 1071:2N

P ..1071:2 50 ...53560 W
The engine speed for this power can be obtained by solving the equation:
53560 .. 4:45 10 02 0:03170. 55:24 0, p=30

The term p=30 is necessary to convert the O, term to rad/s. The solution can be found by trial and
error or by using MATLAB function fsolve . The resultis O¢ ... 4975 rpm. The overall gear ratio
then can be found by using Equation 4.32.

.o, 4975 03P

.. 3:13
€ Vinax 50 30

4.3.2.1 Design for Maximum Speed

The standard resistive force/power curves for a given vehicle are xed in the F-v or P-v relationships.
The tractive force/power curves, however, vary with the gear ratio (Equation 4.8). The dynamic balance
points, therefore, will also vary with the variation of the high gear ratio. Figure 4.10 illustrates the
variation of traction/power diagrams and the resulting top speed points with the variation of the gear
ratio. It shows that the maximum top speed is achievable at the maximum power point. Other top speeds
at the points where the tractive and resistive force/power diagrams intersect are lower than this
maximum value. In other words, there is one gear ratio for which the top speed is attained at the
maximum power of engine and this speed is the maximum speed achievable.
Mathematically, at the balance point, according to Equation 4.35:

ZyP .. W oV, Vigp 4:36

which simply shows that the top speed vyq, is maximum where the power P is maximum. This belongs to a
certain gear ratio n,, and if this ratio is either increased or decreased, the maximum speed will be reduced.
Figure 4.11 shows this effect for two larger and smaller ratios which have similar nal speeds.

Example 4.3.4

For the vehicle in Example 4.3.3, nd the gear ratio in order to achieve the maximum possible
speed.
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Solution

The maximum power point can be found from the full throttle torque-speed equation of the engine.
Mathematically from:

dP d

—_— . 4:4
do. doe S

10 ®0? 0:03170. 55224 0 p=30 ..0

or from numerical solutions one obtains:

Pmax ... 54:7KW; op__ ... 5500 rpm;

From Equation 4.36:

54700 ... 0:02 1000 9:81 0:35 vfop Viop
The steady-state speed is:

Vigp ... 50:4 m=s 181:4 km=h
Finally Equation 4.32 results in:

03P 343
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Figure 4.10 Traction/power diagrams, the variation of top speed with change of gear ratio
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Figure 4.11 Reduction of maximum speed with changing gear ratio n,

4.3.2.2 Overdrive

250

In Figure 4.11 it can be seen that the top speed was reduced for gear ratios smaller or larger than n,.
When ny is larger than ny, (dash-dotted curves), the top speed will occur at higher engine speeds. This
will force the engine to work at fuel-inef cient points (see Chapter 5). On the other hand, when ny is
smaller than n,, (dotted lines), the engine speed will be lower while the top speed could still be similar
to the case of Figure 4.11. This is called overdrive and will move the engine working points to fuel-
ef cient regions as well as reducing engine noise for passengers. The term overdrive indicates that
the transmission output turns with higher speed than the engine speed. The amount of overdrive is
chosen in different cars depending on other design and intended operating usage conditions. A
value of 10 20% appears to be a typical practical design [2]. In mathematical form, a 10% overdrive

results in:

Ny ...0:9 ny

4:37

Example 4.3.5

For the vehicle in Example 4.3.4, design a 10% overdrive high gear.




242 Vehicle Powertrain Systems

Solution
According to Equation 4.47:

Ny .09 n, .09 343..31

It can be observed from comparing this result with the result of Example 4.3.3 (with nH ... 3.13)
that a 10% overdrive has not signi cantly altered the top speed of vehicle notably (181 km/h has
become 180) whereas the engine speed has reduced considerably from 5500 rpm to slightly
below 5000 (about 10%).

4.3.2.3 Reserve Power

With an overdrive, the maximum power of the engine is not available for use in the high gear since the
force balance is achieved below the maximum power. For reasons of providing better vehicle performance
at the times when an extra load is acting (like a head wind or a slope), it is useful to keep some reserve
power to be utilized at such circumstances. An obvious solution is to have the installed power of the engine
greater than the designed power. With a greater installed power, the reserve power and tractive force will
be increased but the maximum speed of the vehicle will also increase.

In practice, at any working speed, extra traction and power are available at a larger gear ratio. For
example, the dotted curve of Figure 4.12 represents gear ratio A which is larger than the gear ratio B shown
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Traction/Resistive force (N)
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Figure 4.12 Power and tractive force reserves
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in the solid curve but both gears have an equal maximum speed. At a speci c speed (e.g. 120 km/h), the
reserve power and tractive force are greater for gear A. If the vehicle needs a greater acceleration capability
even atits high gear (like a sports car), then this type of gear ratio design would be preferred. In a passenger
car, however, an overdrive (e.g. gear B) is more appropriate and in practice when the load is high, a
downshift could provide more reserve power and tractive force during vehicle motion. In this case, the
gear A can be regarded as 4th gear and the gear B as the 5th gear. Further considerations are also needed for
the design of the high gear. One good approach, for example, is to have enough torque and traction in the
high gear to be able to maintain it at lower speeds. In other words, having the largest possible speed span at
the highest gear makes the driving more comfortable and pleasant.

4.3.3 Intermediate Gears

The gear ratio of the gearbox is the mechanism by which the vehicle and engine speeds are kinematically
related. For stepped ratio transmissions, moving from a high gear to a low gear or vice versa must be
carried out by shifting through the intermediate gears. By ignoring the tyre slip (Equation 4.7):
O ... 1v 4:38
M

For different gear ratios this relation expresses a family of lines with slopes equal to the n/r,, a ratio
as shown in Figure 4.13. In each gear, the variation of engine speed with vehicle speed is prescribed by its
relevant line. When the gear is shifted, the working point moves on to another point on another line but at
the same vehicle speed.

During a gearshift, the torque transmission is interrupted by the clutch action and the engine speed starts
to fall. When a new gear is engaged, the engine speed is changed to a new value (in an upshift to a lower
speed and in a downshift to a higher speed). In practice, during the shift, the vehicle speed will be reduced
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Figure 4.13  Kinematic relation between engine and vehicle speeds
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Figure 4.14 Upshift and downshift in an engine-vehicle speed diagram

slightly under the action of resistive forces and in the absence of the tractive force. Therefore, during an
upshift or a downshift, as Figure 4.14 illustrates, the engine and vehicle speeds must move from point 1 to
point 2. The location of point 2 depends on the shifting speed. If the shift is carried out slowly, the engine
speed will drop further and vehicle speed will also reduce more.

For a vehicle under normal driving conditions, a standard shift will take a certain time. Knowing this
time period, point 2 can be located and the gear ratio can be determined from the slope of a line from origin
to that point. With the selected gear ratio and a standard shift, the kinematic relation will be re-established
and the engine and vehicle speeds will match exactly. Conversely, if a different shifting is carried out, the
point 2 will depart from the designed location and a mismatch will occur between the engine and vehicle
speeds. This isaccommodated by the clutch slip and the engine is gradually adjusted to the relevant speed.
For initial design values, there are standard methods for the determination of intermediate gears that will
be discussed in the coming sections.

4.3.3.1 Geometric Progression Method

This method represents an ideal case in which the gearshift takes place at a constant speed. In addition, it
is assumed that there is an engine working range between a high engine speed oy and a low engine
speed 0, as shown in Figure 4.15. According to this gure, for a 5-speed gearbox, at points 1 and 2 the
kinematic relations are:

n

O ... Vi 4:39
I'w
n

oL .. 2V, 4:40

f'w
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Figure 4.15 Geometric progression speed diagram

As a result:

4:41

Ny

OH

o~

N2

Repeating the same procedure for points 3 and 4 leads to:

4:42

Ny

OH

o

N3

Ny N3 Ny Oy

Ny

and for all ratios, one writes:

4:43

ns 'ng ng oL

n,
inwhich Cgy, is the geometric progression constant and has a typical value of around 1.5. Multiplying the

equalities in Equation 4.43 results in:

4:44

9p

N N3 Ny Ny
N3 Ng nNs N5

Ny
N2

or:

4:45

Ny

4

Ns
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In general, for an N-speed gearbox:

r-n
Cop o V1= 4:46
NH
and from Equation 4.43:
Ni..n 1Cgp; i..1,2,...;N 1 4:47

It should be noted that oy and o, are only dummy variables and are not involved in the nal results.

Example 4.3.6

For the vehicle in Example 4.3.3, use the low gear ratios of Example 4.3.1 and determine the
intermediate gear ratios for a ve-speed gearbox.

Solution

From the results of Examples 4.3.1 and 4.3.3, we have:
For a FWD vehicle: ny ... 3:13 and n,_ ... 12:21, hence:

.
12:21
Cop o Sz 1405and ny .. nsCp ... 3:13  1:405... 4:40;n3 ... G:18andn; ... 8:69

For a RWD vehicle: ny ... 3:13 and n,_ ... 15:02, therefore:

-
15:02
Cop oo o3 1480andn; .. nsCyp ... 4:63; Nz ... 6:86 andn; ... 10115

4.3.3.2 Progressive Design

The geometric progression method produces larger speed ranges (DVs) for higher gears and smaller speed
ranges for lower gears, as can be seen in Figure 4.15. In mathematical form, the ratio of the speed range can
be represented as:

DVi 1

v Ca 4:48

In the traction-speed curves, the ratio of differences in tractive forces at three consecutive gears also
follows a similar pattern:

DF;

ﬁ e Cgp 4:49

In passenger cars it is desirable to provide larger traction differences at low gears and smaller differences at
high gears. In the speed diagram this will have opposite effect of reducing the differences in speed ranges.
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In the geometric progression pattern of Equation 4.43, the ratio of any two consecutive gears was a
constant. If the tractive force difference ratio of Equation 4.49 is changed for different gears, then the ratio
of any two consecutive gears will be different:

BB 4:50
ni 1

In the progressive design, the consecutive ratios C; are related by a constant factor k:
Ci 1..kGi 4:51
Multiplication of the ratios C; together equals the ratio of rst to the last gear, that is:
mong N

n Ns g E C1C2C3 CN 1 4:52

Substituting from Equation 4.51 and after simpli cation results in:
Cyp 'oCY kb2 N2 4:53
This can be solved for C;:
Ci..Copk! 5 N>2 4:54
For a ve-speed gearbox, it reduces to:
Ci ... Cgpk 4:55
Values for other C; can be calculated by using Equation 4.51. The lowest and highest gear ratios are

available and other gear ratios can be determined once the values of C; have been calculated. In terms of
the lowest gear:

ny n, ny N; Ny
Ny ... —; N3..— .. TN — e —————— 4:56
2Cy PG, GG PG CiC, G
or in terms of the highest gear:
Nyl
ni ... Cinn; 1..1;2 N 1 4:57

joi

The design can now be completed if the factor k is known. A value of k... 1 provides a geometric
progression and for values less than unity, a progressive design is achieved. Small variations in k have
large effects on the speed range of each gear as Figure 4.16 illustrates fora ve-speed gearbox. Reducing
the value of k results in the reduction of gear ratios (slopes of inclined lines) in a non-linear fashion. For
example, for k... 0.8, the last DV becomes very small.

In the traction-speed diagram of Figure 4.17, two cases of k ... 1.0 (geometric) and k ... 0.9 (progressive)
have been compared in terms of tractive force distribution for the gears ofa ve-speed gearbox. Asisclear,
the differences between DFs of the two methodsat gears1 2and4 5are large butatgears2 3and3 4are
close to one another.

Values of k below 0.8 will place the 4th gear very close to gear 5 ina ve-speed gearbox as seen in
Figure 4.16; this is not practical, thus the working range for k can be considered as:

08<k<10 4:58
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Figure 4.16  Speed diagram for different values of k
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Figure 4.17 Traction-speed diagrams for geometric and progressive designs
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Figure 4.18 Speed diagram for progressive gear ratios

In contrast, with the geometric progression method in which a low engine speed line was present in the
speed diagram for all gears, for the progressive method, each gear will have a certain low speed point as
shown in Figure 4.18. The locus of o, points is an ascending curve (close to a line) and indicates that
shifting time is decreasing with gear number increase.

Example 4.3.7

Determine the progressive intermediate gear ratios for the vehicle in the previous example
using k ... 0.9.

Solution

For a FWD vehicle we have: ny ... 3:13 and n. ... 12:21, and Cg, ... 1:405. From Equation 4.55:
Cy .. 1:405 0:9 5 .. 1:646
Other C ratios are calculated from Equation 4.51:

Cy ... 1:646 0:9 .. 1:481; Cs ... 1:333; C4 ... 1:200
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Equation 4.57 will be used to determine the intermediate gear ratios:

Myl
n ... 3:13 Ci; np..3:113 CyC3C4 ... 7:42; n3..501; ny..3:76
i
For a RWD vehicle we have: ny ... 3:13 and n_ ... 15:02 and Cg, ... 1:480 thus:
Cy..1:733; C,..1560; Cj..1:404; C,4..1:264; and
n, ..8:67;, nsz..556; ng..3:96

4.3.3.3 Equal DVs

One particular type of progressive gear ratio selection is to set all DVs equal. With reference to Figure 4.18:
DV ..V, » Vi, i..1;3;5;... 4:59

The velocities V; of points i using a kinematic relation is:

o o
\ —HrW; Vs .. —Hrw; e 4:60
Ny N2

Equating the rst two DVs results in:

- —. = = 4:61
Ny Ny N3 Ny
or,
2nin
Np .. —— 4:63
Ny N3
and from next equality:
2n;n
N3 ... —— 4:63
Ny Ny
It can be proven that the general relation is:
2n; 1n;
L I 4:64
Ni1 Ni 1
The ratio C; therefore is:
n; 2n;
Cio—— o —1 1 4:65
Ni 1 Ni1 N
It is a simple task to show that:
1
Ci..2 4:66
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Further manipulation gives:

iC, 1 i
f—r = 4:67
Ci i 1C, 2 i 6

Application of Equation 4.52 with substitution from Equation 4.67 leads to the following relation
for Cy:

ch i
Ci..1 2~ 4:68
! N 1
That can provide an equation for nj:
N 1
g .. ————M 4:69
N 2 Cj !
Then in general, any of gear ratios can be obtained from:
N 1
ni ... n 4:70
NP oacy Tt

Noting that Cgp . Q—: for a ve-speed gearbox, the intermediate gear ratios can be found as:

4nLnH
n ... - - 4:71
"5 ing i 1n

Example 4.3.8

Determine the intermediate gear ratios for the vehicle in the previous example using the Equal DV
progressive method.

Solution
For a FWD vehicle we have: ny ... 3:13 and n_ ... 12:21. From Equation 4.71:

4 313 1221
o 7
55313 2 1 1221 08

Other gear ratios are calculated similarly:
ng .. 4:98;, ny..3:85
For a RWD vehicle we have: ny ... 3:13 and n_ ... 15:02 and intermediate gear ratios will be:

ny..7:70; nz..518; n4..3:90
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Table 4.3 Some vehicle performance measures

Measure Metric units US units Typical range
Time to accelerate from rest to speed V 0 100km/h 0 60mph 6 10s
Time to accelerate from speed V; to speed V, 80 120 km/h 60 90 mph 6 10s
Time to travel rst x distance 200m 660 feet 10 14s
Time to travel rsty distance 400 m 1/4 mile 15 20s

4.3.4 Other Influencing Factors

Owing to different driving conditions for different vehicle designs, the gear ratios may need adjustments
to the initial design values. Practical test driving by experienced drivers can help to improve the
performance of the vehicle by gear ratio re nements. A simple measure is the 0 100 km/h or 0 60 mph
time which has become an accepted benchmark to describe the maximum acceleration performance of
vehicles. Another important benchmark is the 80 120 km/h time as it relates to the ability of vehicle to
overtake quickly. The time to cover 400 m or a quarter of mile time is another commonly used measure of a
vehicle s performance. Table 4.3 summarizes some of these performance measures.

Example 4.3.9

For the vehicle in Example 4.3.3 the intermediate gear ratios using three different methods were
designed in Examples 4.3.6 4.3.8. Compare the 80 120 km/h times for all three designs for both
FWD and RWD vehicles.

Solution

The MATLAB program of Example 3.7.2 of Chapter 3 can be modi ed for this example. First, it
must include a small loop to check which gears can produce the required speed of 120 km/h within
the permitted engine speed range. Second, in the while statement the engine speed at speed
120km/h should replace the maximum engine speed. Required modi cations are given in
Figure 4.19. Using this program, the speed-time performance can be obtained for each of the
three gear sets for both cases of FWD and RWD. The results are summarized in Table 4.4 in which
N/P stands for not possible .

Table 4.4 80 120 km/h times (s) for Example 4.3.9

Gear Geometric Progressive Equal DV

FWD RWD FWD RWD FWD RWD
3 N/P N/P 8.50 N/P 8.55 8.29
4 9.73 9.18 12.14 11.21 11.70 11.47
5 16.86 16.86 16.86 16.86 16.86 16.86
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% MATLAB program for Example 4.3.9
% M odifications to the MATLAB program of Example 3.7.2

Vsp=120/3.6; % Specified vehicle speed
Trg=max(te); % Maximum engine torque
eta=1.0; % Driveline efficiency

% Check which gear can accelerate the vehicle up to Vsp
fori=5:-1:1

ni=ng(i)* nf;
Ft(i)=eta* Trg* ni/rw; % Tractive force at gear n(i)
vmaxi=[sgrt((Ft(i)-f0)/c), % From force balance
wem* rw* pi/ni/30]; % Kinematical
vmax(i)=min(vmaxi); % Minimum of the two
if vmax(i) > Vsp, ig=i; end

end

fori=ig: 5 % Repeat for all gears that can reach Vsp
ni=ng(i)*nf;
wvmax=30* ni*V sp/rw/pi; % Engine speed at Vsp

while we>wem
[tx]=oded5(@Fixed_trt, [tO tf], x0); % Calls Fixed_thrt function
v=x(:,1);
s=x(:,2);
we=30* ni* max(v)/rw/pi;
if we>=wvmax
tf=tf*wvmax/we;
end
end
end

Figure 419 MATLAB program of Example 4.3.9

4.4 Gearbox Kinematics and Tooth Numbers

Once the gearbox ratios are available, the next step in gearbox design would be the determination of the
number of gear teeth based on the speed or torque ratios rs and ry de ned as:

o
Fg . —
O;j
To
r —
T

4:72

4:73

in which the subscripts i and o stand for input and output respectively. Note that the gear ratio of a gearbox
earlier denoted by n is exactly equal to ry. In an ideal gearbox with no power loss, the input and output

powers are equal:

Pi ... Tioj ... Py ... ToOg

4:74
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Figure 4.20 Terminology used for two running gears
Therefore:

re rr .1 4:75

Thus in an ideal gearbox the speed and torque ratios are inverse of each other. For a couple of meshed
gears, the torque ratio according to Figure 4.20 is:

T, & v=d; do

.= .. . — 4:76
T T 0, vEd,
For a gear, the pitch diameter can be expressed in terms of the teeth number N:
d..mN 4:77

in which m is the module of the gear; the same result could be obtained by expressing in terms of
diameteral pitch. Hence:

No
rr..— 4:78
T Ni
For a gearbox with a number of meshed gears, the overall torque ratio is:
Oi O On 1 O
rT..— — — . — .. nr M 1r 4:79
T 0, 03 0, 0, 112 n 1fn

It should be noted that in a gearbox some of the ratios are unity since they belong to two gears on a
compound shaft with acommon angular speed. Equation 4.79 can be written in terms of the tooth numbers
of the gears with substituting from Equation 4.78 for individual gear meshes.

In the process of selecting the tooth numbers in a gearbox, the tooth numbers of the pinion and the gear
must be selected such that interference is prevented. The minimum number of teeth for pinion Np and the
maximum number of teeth for the gear Ng are given by following equations [3, 4]:

a
2cosc
Np .. ——————n n2 1 2nsin’F, 4:80
P71 2nsinF, !
N2 sin?f, 4 cos?
6. o Ty 2TO8C 4:81
4cosc  2Npsin“F,
tan T,
F, ... Arctan . 4:82
cosc
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Figure 4.21 Terminology of gears

in which c, ¥, and F, are the helix angle, normal and tangential pressure angles of helical gears
respectively (see Figure 4.21) and n is equal to the ratio of Ng/Np. For spur gears c ... 0 and the pressure
angle £ must be used. Using these equations, the results obtained for spur and helical gears are provided
in Tables 4.5 and 4.6.

For the example of spur gears, if a pressure angle of 20 degree and Np with 15 teeth is selected,
then Ng cannot have more than 45 teeth. Furthermore, for pressure angles of 20 and 25 degrees,
the smallest numbers of teeth that can be selected regardless of the number of gear teeth are 18 and
12 respectively.

441 Normal Gears

The normal design for gears used in manual transmissions nowadays is the constant mesh design (see
Section 4.5). There are two types of gearbox designs according to the number of shafts. Inthe rst design,
only two input and output shafts are used as schematically shown in Figure 4.22a. Each gear mesh denoted
by 1, 2, etc. is a power transfer route in the transmission for each gear ratio and is selected through a
shifting mechanism. In this type of gearbox, the input and output shafts are not in line, and hence it is
suitable only for FWD transaxle applications. The second type uses three shafts, namely, the input shaft,
layshaft and output shaft. Figure 4.22b schematically shows a ve-speed gear set of this kind transferring
power ingear 3. Inthis case a gear ratio involves two meshing pairs, one is the input pair denoted by 0 and
the other is any other of gear pairs 1, 2, etc. that is selected. This gear set is suitable for RWD applications
as the input and output shafts are in line.

Design of the tooth numbers of gears for the transaxle gear set involves the design of individual pairs but
with a constraint for the centrelines of gear pairs:

Ci..Cy .. ..C 4:83
Table 45 Np and Ng for spur gears
Pressure angle ¥ 20 25
Minimum of Np 13 14 15 16 17 18 9 10 11 12

Maximum of Ng 16 26 46 101 1310 1 13 32 250 1
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Table 4.6 Np and Ng for helical gears with normal pressure angle of 20

Helix angle c 20 25
Minimum of Np 11 12 13 14 15 10 11 12 13 14
Maximum of Ng 14 15 51 208 1 13 24 57 1410 1

In terms of tooth numbers:

m

Ci.. 5

Ne, N

With equal modules Equation 4.83 results in:

Np, Ng, ..Np, Ng, ..

4:84

4:85

For the layshaft gear sets, Equation 4.85 also applies but in addition the gear ratio in each gear is a

combination of two ratios:

N ... NoN;
in which (see Figure 4.23):

no .. E_l

5 4 3 2

Output shaft

—AANRR 2

| [

Input shaft
y,
B ]
—
Mesh for gear 1
(a) Transaxle gear set
5 4 3 2 1
Input shaft Output shaft
- - — 5.
N
Layshaft[] N
V.

(b) Layshaft gear set

Figure 4.22 Layouts of manual gearboxes

4:86

4:87

4:88
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\\U\\/// S/

Figure 4.23 Gear numbers in the selected gear i
Therefore:

N2 Ngi

P — 4:
n; N, Ne 89

The following examples illustrate how to use the above equations to design the gear teeth numbers.

Example 4.4.1

Design gear numbers for a layshaft gearbox with a low gear ratio of 4. Gears are of helical type with
a helix angle of 25 and normal pressure angle of 20 .

Solution
From Equations 4.89 and 4.85:

N2 N
ng ... Sz et ... 4and N: Nz ..Npg N(;l
N1 Npz

A table can be constructed for some possible values of two ratios ';I'—f and N—‘;i as shown in Table 4.7.
If the rst row is selected, we will have:

N, ... 1:25N1; Ng1 ... 3:2Np; and N:i Nz ..Np;s Ngi..N

2:25N; ... N

Combining the two provides:
4:2Np1 .. N

Table 4.7 Some possible alternative ratios for Example 4.4.1
Nz NGl

< —== n
Ny Np1 '
1 1.25 3.2 4
2 1.60 2.5 4

3 2 2 4
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Since N, N; and Np; are all integer numbers, therefore N must also be a minimum integer of
multipliers 2.25 and 4.2, or N ... 63k; k ... 1; 2

Nj ... 28 Ny ... 35

Fork .. 1; ;
Nps ... 15 Ng1 ... 48

Note that teeth number of 15 is permissible for this type of gear.
If the same procedure is used to determine the tooth numbers for the second row of the table, the
result will be:

2:6N; ... N
o N..91k; k.. 1;2
3:5Np; ... N
(Nl .. 35 (N2 ... b6

And the smallest gears are: ;
Np; ... 26 Ng1 ... 65

The results for the three alternatives are summarized in Table 4.8. As is clear, the results of the
third case are smaller gears and make a smaller gearbox.

Table 4.8 Solutions to the alternative ratios for Example 4.4.1

N, N1

—= — N N N N SN

N, Noy 1 2 P1 G1
1 1.25 3.2 28 35 15 48 126
2 1.60 25 35 56 26 65 182
3 2 2 11 22 11 22 66

The three options presented in the example were not the only choices one could have, for instance 3 and
4/3, 2.4 and 5/3, etc. are other options. In order to nd the best solution for the problem, a table similar to
Table 4.8 should be constructed and every possible choice must be investigated.

In general, the same procedure can be used to determine the tooth numbers for the other gear pairs.
It should be noted, however, that in a layshaft gearbox for all engaged gears, the rst ratio g N2 js the same.
Thus the solutions for all gear ratios are dependent on each other and the solution must be obtalned inan
interrelated procedure. It should also be mentioned that the kinematic solution discussed in this section isa
part of general solution in which the gears must be designed also for their structural integrity and durability
in power transmission.

4.4.2 Epicyclic Gear Sets

The basic parts in automatic transmissions responsible for the gear ratios are planetary or epicyclic gear
sets. Figure 4.24 shows a typical planetary gear set consisting of asun gear S, aring gear R and a number of
planets P that have their rotation centres on a common carrier called the planet carrier C.

The ring gear has internal teeth and the other gears all have external teeth. The rotations of the
planets are not of direct importance but the motions of their centres produce the rotation of the carrier
which is important. The three angular speeds in a planetary set Os, Or and Oc can be related to one
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Figure 4.24 A typical planetary gear set (a) schematic, and (b) stick diagram

another via the rotations of planet gears. De ning the angular speed of a planet op (positive
clockwise) gives:

4:90

inwhich R stands for the radius and is differentiated by the relevant subscripts. The carrier speed O can
be written as:

Vp
oc ... — 4:91
" Re
where v, is the velocity of the planet centre:
R R
Vp ... M 4:92
2
Thus:
R R
oc .. RROR  RsOs 4:93

2Rs Rep



260 Vehicle Powertrain Systems

If all radii are expressed in terms of the gear modules, Equations 4.93 and 90 can be written in terms of
tooth numbers:

NrOr NsOs

4:94
OC N Np o
NrOr NsOg
———— 4:95
P 2Np

Note that all angular speeds are taken as positive clockwise (see Figure 4.24).

Example 4.4.2

The sun, ring and planet gears in a planetary set have 30, 80 and 20 teeth respectively. The sun and
ring are rotating at 100 and 50 rpm respectively. Determine the rotational speed of the carrier if:

(a) the sun and ring both are rotating clockwise;
(b) the sun is rotating clockwise but the ring is rotating counter-clockwise.

Solution
From Equation 4.94, for (a):

o. 80 50 30 100
€77230 20

.. 70rpm CW

and for (b):

80 50 30 100
S W
Oc¢ 230 20 0Orpm CC

It should also be noted that an epicyclic gear set is a two degree-of-freedom device with two inputs and
one output. In other words, if only one of the three angular speeds os, Og and oc were given, the
system would be in an indeterminate state and the two other speeds could not be determined. When a
planetary gear set is used as a vehicle gearbox, it must have one input and one output at a time. To this
end, one degree of freedom must effectively be removed by xing one of the three main rotating parts.
For instance, if the ring gear is held stationary and the input is given to the sun gear, then the planet
carrier will turn as the output of the system. For this con guration o ... 0 and the overall gear ratio
will be:

g E 2 Ns Np 2 2Np

—_— 4:96
O, Oc Ns Ns

Two other useful input output options are also possible and a summary of all three cases and their
relevant gearbox ratios are presented in Table 4.9.
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Table 4.9 Input output alternatives of an epicyclic gear set
Stationary Input Output Overall gear ratio n
1 R S C n..21 &
Ns
Nr
2 S C R ny 7Ns Ne
Nr
3 C S R n3 N_s
The three gear ratios of Table 4.7 are related by following equation:
N3 ... Ny 4:97
This also leads to:
Nr
ning ... — 4:98
1112 NS
Furthermore from the geometry of the set it is clear that:
Nr ... Ns  2Np 4:99
This will result in alternative relations for the gear ratios:
Nr
n..1r — 4:100
1 Ns
Ng
ny .. 4:101
""Ns Ng
n..1 n3 4:102
N3
na .. 4:103
2 ng 1

An epicyclic gear set as seen has only limited number of gear ratios. For vehicle applications, therefore,
multiple sets must be used in order to produce 4, 5 or more ratios (see Section 4.6.1).

Example 4.4.3

An epicyclic gear set is designed with a rst ratio of 4. Determine the other ratios of the set.
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Solution
From Equation 4.102:

ng..1 n..1 4.. 3

Then from Equation 4.102:

0:75

no ...
20731

Example 4.4.4

An epicyclic gear set is designed with a  rst ratio of 3.4. Determine the tooth numbers for all gears
in the set.

Solution
The third ratio is:

ng..1 n .1 34. 24

From the third row of Table 4.7:

N
ns ... R 24

From Equation 4.92:
NR ... Ns  2Np ... 2:4Ns:
Thus:
1:4Ns ... 2Np:
Or:
7Ns ... 10Np

The rst choice could be:

Np ..14; Nsg... 20; Ng ... 48
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Figure 4.25 Manual transmission assembly

4.5 Manual Transmissions

Manual transmissions are the oldest kind of gearbox designs used in automobiles and were used for
decades before automatic transmissions were introduced. Nevertheless, these transmissions are still
popular due to their simplicity, low cost and high ef ciency. The name manual implies that the shifting
from gear to gear must be performed manually by the driver. Although the manual transmissions are
inherently the most ef cient transmissions, their usage depends on the drivers abilities and frequent
manual operation is needed, for example, in urban traf c.

4.5.1 Construction and Operation

As Figure 4.25 illustrates, the transmission casing is directly bolted to the engine body through the bell
housing which contains a space to accommodate the clutch system. The clutch assembly is bolted to the
engine ywheel and the input shaft of the transmission receives power through the clutch plate. In fact,
when the clutch is engaged, the input shaft of the transmission turns with the clutch at the same speed as the
engine. Shifting is performed by means of a shifting mechanism when the transmission input is
disconnected from the engine and a gear is selected by the shift lever.

The operation of the clutch is illustrated in Figure 4.26. The clutch is activated when the clutch pedal is
depressed and the gear lever is pulled back, causing the release bearing to push the diaphragm spring. The
seesaw effect of the spring pulls back the pressure plate and releases the clutch plate. The input shaft of
transmission isdirectly tted into the clutch plate through the splines and thus the two rotate with the same
speed. In other words, although the clutch plate is placed inside the clutch system, it is effectively linked to
the gearbox.

There are two basic types of gear change: moving a gear to mesh the opposing gear, or moving a linking
member to deliver torque to already meshing gears. The former type called the sliding-mesh type is now
an obsolete shifting method and its concept is shown in Figure 4.27a. The second type that is used in all
modern manual transmissions isthe constant-mesh design and its construction is schematically shown in
Figure 4.27b. Both gures illustrate a layshaft type gearbox with in-line input and output shafts.
The output shaft for both cases is splined. In the sliding-mesh type, the inside of the gear is also splined
and can slide over the shaft. When the clutch is disconnected, the gear is moved to mesh with the opposing
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Figure 4.26 Details of the clutch mechanisms

gear on the layshaft. Then, by releasing the clutch, the power will be transferred to the output shaft. In the
constant mesh type the two opposing gears are in constant mesh (a pair for each gear ratio), but the gear on
the output shaft has a hole in the centre and is not connected to the shaft and no torque is delivered between
the two. The power transfer is done through a sliding collar with a spline in its core and dog teeth over its
sides (see Figure 4.27b). The collar is always turning with the output shaft through the splines and when it
is shifted to the side, its dog teeth t into the matching teeth on the side of the gear and the three (shaft,
collar and gear) connect to each other and power is transferred.
As the gear and output shaft in constant mesh design turn with different speeds prior to their
engagement, there should be a means by which the speeds are synchronized. This device is called the
synchronizer . Figure 4.28 shows the concept of using two matching conical surfaces that come into
gradual contact as the collar slides towards the gear. When the two elements get close, the speeds gradually
synchronize and the dog teeth subsequently engage.
The gear selection and shifting mechanism is i